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0 On the Dirichlet problem for the Schro¨dinger equation withboundary value in BMO space
Renjin Jiang and Bo Li
Abstract. Let (X, d, µ) be a metric measure space satisfying a Q-doubling con-
dition, Q > 1, and an L2-Poincare´ inequality. Let L = L+V be a Schro¨dinger
operator on X, where L is a non-negative operator generalized by a Dirich-
let form, and V is a non-negative Muckenhoupt weight that satisfies a reverse
Ho¨lder condition RHq for some q ≥ (Q + 1)/2. We show that a solution to
(L − ∂2t )u = 0 on X × R+ satisfies the Carleson condition,
sup
B(xB,rB)
1
µ(B(xB, rB))
∫ rB
0
∫
B(xB,rB)
|t∇u(x, t)|2 dµdt
t
< ∞,
if and only if, u can be represented as the Poisson integral of the Schro¨dinger
operator L with trace in the BMO space associated with L .
1 Introduction and main results
The study of harmonic extension of a function is one of the basic tools in harmonic analysis
ever since the seminar work of Stein and Weiss [48]. On the other hand, the Dirichlet problem
of elliptic equations is one of the basic problems in PDEs. The harmonic extension of a BMO
function plays a key role in Fefferman-Stein duality of Hardy and BMO spaces; see [22] and also
[21]. It was proved in [22] that, the harmonic function u(x, t) = e−t
√
−∆ f (x) satisfies the following
Carleson condition
sup
xB,rB
1
rn
B
∫ rB
0
∫
B(xB,rB)
|t∇u(x, t)|2dxdt
t
≤ C < ∞,(1.1)
if and only if f ∈ BMO(Rn), where ∇ = (∂t, ∂x1 , · · · , ∂xn) and ∆ =
∑n
k=1 ∂
2
xk
. Later on, Fabes, John-
son and Neri [19] found the Carleson condition (1.1) actually characterize all harmonic functions
u(x, t) on Rn+1+ with boundary value in BMO(R
n). The study of this topic has widely extended to
different settings including, degenerate elliptic equations and systems, elliptic equations and sys-
tems with complex coefficients, also Schro¨dinger equations, etc, see [3, 4, 11, 14, 28, 29, 30, 40]
for instance.
Very recently, Duong, Yan and Zhang [14] extended non-trivially the study to the Schro¨dinger
operator on Rn. More precisely, they proved that, if L = −∆ + V , where the non-negative potential
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V satisfies a reverse Ho¨lder condition RHq for q ≥ n, then a solution u to −∂2t u + Lu = 0 on
R
n+1
+ satisfies (1.1), if and only if, u can be represented as u = e
−t
√
L f , where f is in BMO space
associated to the operator L. As the solution u is no longer smooth compared to harmonic functions
(cf. [19]), their arguments are rather non-trivial. Note that recently developed theory on Hardy
and BMO spaces associated with operators (cf. [12, 13, 16, 17, 18, 31, 32, 47]), and regularities
to the Schro¨dinger equations (cf. [44, 45]), play a role in the arguments of [14].
Our main purpose is to extend the study of this topic to manifolds as well as general metric
spaces, where related Hardy and BMO spaces have been widely studied; see [7, 15, 31, 46, 52]
for instance. Note that the condition V ∈ RHq for q ≥ n assumed in [14] is to ensure that one has
a pointwise bound for the gradient of heat kernel of the Schro¨dinger operator. Even without the
potential V , such bound does not hold in general, unless assuming a strong non-negative curvature
condition or group structure (cf. [37, 38]). Indeed, the pointwise bound of the gradient of heat
kernel fails already for uniformly elliptic operators; see [1, 2, 9, 34] for instance.
To state our result, let us briefly describe our settings; see [5, 23, 25, 51] for more details. Let
X be a locally compact, separable, metrisable, and connected space, µ be a Borel measure that
is finite on compact sets and strictly positive on non-empty open sets. We consider a strongly
local and regular Dirichlet form E on L2(X, µ) with dense domain D ⊂ L2(X, µ) (see [23, 25]).
We assume that E admits a “carre´ du champ”, which means that Γ( f , g) is absolutely continuous
with respect to µ, for all f , g ∈ D . In what follows, we denote by 〈∇x f ,∇xg〉 the energy density
dΓ( f ,g)
dµ
, and by |∇x f | the square root of dΓ( f , f )dµ . We equip the space (X, µ,E ) with the intrinsic
(pseudo-)distance on X associated to E , defined by
d(x, y) := sup { f (x) − f (y) : f ∈ D loc ∩ C(X), |∇x f | ≤ 1 a.e.} ,
where C(X) denotes the class of all Lipschitz functions on X. We assume that d is a true distance
and that the topology induced by d is equivalent to the original topology on X.
The domain D endowed with the norm
√
‖ f ‖2
2
+ E ( f , f ) is a Hilbert space which we denote
by W1,2(X). For an open set U ⊂ X, the Sobolev space W1,p(U) and W1,p
0
(U) is defined in a
usual sense; see [6, 50, 51] for instance. Corresponding to such a Dirichlet form E , there exists
an operator denoted by L, acting on a dense domain D(L) in L2(X, µ), D(L) ⊂ W1,2(X), such that
for all f ∈ D(L) and each g ∈ W1,2(X),
∫
X
f (x)Lg(x)dµ(x) = E ( f , g).
Suppose that 0 ≤ V ∈ RHq(X) ∩ A∞(X), where RHq(X) is the class of functions satisfying
reverse q-Ho¨lder inequality and A∞(X) is the class of all Muckenhoupt weights (cf. [41, 49]); see
Subsection 2.1 for more details. In the paper, we shall consider the Schro¨dinger operator
L = L + V.
Throughout this paper, we denote by Ht = e
−tL and Ht = e−tL the heat semigroups, Pt = e−t
√L
and Pt = e
−t
√
L the Poisson semigroups, associated with L and L , respectively.
Let B(x, r) denote the open ball with center x and radius r with respect to the distance d, and set
λB(x, r) := B(x, λr). We assume that µ is doubling, i.e., there exists a constant Cd > 0 such that,
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for any ball B = B(x, r) ⊂ X,
(D) µ(2B(x, r)) ≤ Cdµ(B(x, r)) < ∞.
This implies that there exists Q > 1 such that for any 0 < r < R < ∞ and x ∈ X,
µ(B(x,R)) ≤ C
(
R
r
)Q
µ(B(x, r)).
An L2-Poincare´ inequality is needed. Precisely, we assume that (X, d, µ,E ) supports an L2-
Poincare´ inequality, namely, there exists a constant CP > 0 such that, for all balls B = B(x, r), and
W1,2(B) functions f ,
(P2)
(?
B(x,r)
| f − fB|2dµ
)1/2
≤ CPr
(?
B(x,r)
|∇x f |2dµ
)1/2
,
where and in what follows,
fB =
?
B
fdµ =
1
µ(B)
∫
B
fdµ.
We next recall the definition of L+-harmonic functions on the upper half-space. We say that
u ∈ W1,2(X × R+) is an L+-harmonic function in X × R+, if
∫ ∞
0
∫
X
∂tu∂tφdµdt +
∫ ∞
0
∫
X
〈∇xu,∇xφ〉dµdt +
∫ ∞
0
∫
X
Vuφdµdt = 0
holds for all Lipschitz functions φ with compact support in X × R+.
The space HMOL (X ×R+) is defined as the class of all L+-harmonic functions u, that satisfies
‖u‖HMOL := sup
B(xB,rB)
∫ rB
0
?
B(xB,rB)
|t∇u(x, t)|2dµ(x)dt
t
< ∞.
We next introduce the critical function ρ(x), which was first introduced by Shen [45, Definition
1.3], and has been studied in [7, 16, 17, 52] for instance. For all x ∈ X, let
ρ(x) := sup
{
r > 0 :
r2
µ(B(x, r))
∫
B(x,r)
Vdµ ≤ 1
}
.(1.2)
Throughout the paper, we assume that V , 0 is a non-trivial potential, which implies that 0 <
ρ(x) < ∞ for any x ∈ X. We say that a locally integrable function f is in the space BMOL (X) if
‖ f ‖BMOL := sup
B=B(x,r): r<ρ(x)
?
B
| f − fB|dµ + sup
B=B(x,r): r≥ρ(x)
?
B
| f |dµ < ∞.
Below is our main result.
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Theorem 1.1. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) with Q > 1, and
admitting an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q ≥ (Q + 1)/2, and
L = L + V.
(i) If u ∈ HMOL (X × R+), then there exists a function f ∈ BMOL (X) such that u(x, t) =
Pt f (x) = e
−t
√
L f (x). Moreover there exists a constant C > 1, independent of u, such that
‖ f ‖BMOL ≤ C‖u‖HMOL .
(ii) If f ∈ BMOL (X), then u(x, t) = Pt f (x) ∈ HMOL (X × R+), and there exists a constant
C > 1, independent of f , such that
‖u‖HMOL ≤ C‖ f ‖BMOL .
For the classical Schro¨dinger operator L = −∆+V on Rn, Theorem 1.1 improves the index q ≥ n
in [14] to q ≥ (n+1)/2. Our result also applies to the uniformly elliptic operator, L = −divA∇+V ,
where A = A(x) is an n×nmatrix of real symmetric, bounded measurable coefficients, and satisfies
the ellipticity condition, i.e., there exist constants 0 < λ ≤ Λ < ∞ such that
λ|ξ|2 ≤ 〈Aξ, ξ〉 ≤ Λ|ξ|2, ∀ ξ ∈ Rn.
The spaces HMOL(R
n+1
+ ) and BMOL(R
n) associated with L are defined similarly to BMOL (X)
and HMOL (X × R+), with X replaced by Rn. Note that on Rn, the reverse Ho¨lder condition
V ∈ RHq(Rn) implies that V ∈ A∞(Rn) (cf. [49]).
Corollary 1.2. Let L = −divA∇+V, with divA∇ being a uniformly elliptic operator on Rn, n ≥ 2,
and 0 ≤ V ∈ RHq(Rn) for q ≥ (n + 1)/2. Then u ∈ HMOL(Rn+1+ ) if and only if there exists a
function f ∈ BMOL(Rn) such that u(x, t) = e−t
√
L f (x). Moreover there exists a constant C > 1
such that
C−1‖ f ‖BMOL(Rn) ≤ ‖u‖HMOL(Rn+1+ ) ≤ C‖ f ‖BMOL(Rn).
Our Theorem 1.1 is applicable, if L = −divA∇ satisfying certain degenerate condition such as
A2-weight (cf. [41, 49]), i.e.,
λw(x)|ξ|2 ≤ 〈Aξ, ξ〉 ≤ Λw(x)|ξ|2, ∀ ξ ∈ Rn,
where w ≥ 0 is an A2-weight. The doubling condition is a consequence of the A2 weight, and it
was known from [20] that an L2-Poincare´ inequality holds.
Our result also applies to the Heisenberg group Hn and stratified group. On these spaces,
a Fefferman-Stein decomposition and a Carleson characterization of the BMOL(H
n) space were
established in [38]. Our result can be applied to more general manifolds, see [1, Introduction], [9,
Section 7] and [52] for more examples.
The paper is organized as follows. In Section 2, we provide basic materials for the reverse
Ho¨lder class and Muckenhoupt weight, and properties of the critical function ρ. We also provide
some basic regularity results for solutions to the Schro¨dinger equation. In Section 3, we provide
estimates for the heat and Poisson kernels of the Schro¨dinger operator, and recall some properties
for Hardy spaces associated withL . The last two sections will be devoted to the proof of Theorem
1.1.
The letter C (or c) will denote a positive constant that may vary from line to line but will remain
independent of the main variables.
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2 Preliminaries and auxiliary tools
In this section, we provide some basic properties of the potential V , and regularity results for
the Schro¨dinger equation.
2.1 The reverse Ho¨lder class and critical radii function
Most of the properties that we need were proved in [45, Section 1] in the Euclidean space
setting, and later extended to manifolds as well as metric spaces; see [7, 52] for instance.
Let us first recall the reverse Ho¨lder condition and Muckenhoupt weight.
Definition 2.1. (i) A non-negative function V on X is said to be in the reverse Ho¨lder RHq(X)
class with 1 < q ≤ ∞, if there exists a constant C > 0 such that, for any ball B ⊂ X,
(?
B
Vqdµ
)1/q
≤ C
?
B
Vdµ,
with the usual modification when q = ∞.
(ii) A non-negative function V on X is said to be in the Muckenhoupt weight class A∞(X), if
there exists some 1 ≤ p < ∞ such that
sup
B
?
B
Vdµ
(?
B
V
1
1−p dµ
)p−1
≤ C
when p > 1, and when p = 1
sup
B
?
B
Vdµ
(
inf
x∈B
V
)−1
≤ C.
Above the infimum is understood as the essential infimum.
In the Euclidean setting X = Rn, it is well known that RHq(R
n) ⊂ A∞(Rn), and every weight
V ∈ A∞(Rn) belongs to a reverse Ho¨lder class RHp(Rn) for some p > 1. This is however not
known in general metric measure space; see [49, Chapter 1]. Nevertheless, for a weight V ∈
RHq(X)∩ A∞(X), the induced measure Vdµ is also doubling (cf. [49, Chapter 1]. In what follows,
we fix CV > 0 as the doubling constant of Vdµ, i.e.,
(DV)
∫
B(x,2r)
Vdµ ≤ CV
∫
B(x,r)
Vdµ.
One remarkable feature about the RHq class is the self-improvement property, namely, V ∈ RHq
implies V ∈ RHq+ǫ for some small ǫ > 0; see [24] for the Euclidean case and [8, Chapter 3] (see
also [49]) for general cases. This in particular implies V ∈ Lq′
loc
(X) for some q′ strictly greater than
q. However, in general, the potential V can be unbounded and does not belong to Lp(X) for any
1 ≤ p ≤ ∞. As a model example, we could take V(x) = |x|2 on Rn with n ≥ 3.
By the definition of the critical function ρ (see (1.2)), there exist constants C, c > 0 such that
for any x ∈ X
c ≤ ρ
2(x)
µ(B(x, ρ(x)))
∫
B(x,ρ(x))
Vdµ ≤ C;(2.1)
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see [52, Subsection 2.1] for instance. Moreover, by [52, Proposition 2.1 & Lemma 2.1], we have
the following property for the critical function.
Lemma 2.2. Let V ∈ RHq(X) ∩ A∞(X), q > max{Q/2, 1}. Then there exist constants C > 0 and
k0 ≥ 1 such that
C−1ρ(x)
(
1 +
d(x, y)
ρ(x)
)−k0
≤ ρ(y) ≤ Cρ(x)
(
1 +
d(x, y)
ρ(x)
)k0/(k0+1)
, ∀ x, y ∈ X.
Lemma 2.3. Let V ∈ RHq(X) ∩ A∞(X), q > max{Q/2, 1}. There exist constants C > 0 and
k1 = 2 + log2CV such that, for any x ∈ X and r > 0,
r2
µ(B(x, r))
∫
B(x,r)
Vdµ ≤

C
(
r
ρ(x)
)2−Q/q
, r < ρ(x);
C
(
r
ρ(x)
)k1
, r ≥ ρ(x).
Proof. When r < ρ(x), apply Ho¨lder’s inequality, the RHq condition, (D) and (2.1) to obtain
r2
µ(B(x, r))
∫
B(x,r)
Vdµ ≤ r2
[
µ(B(x, ρ(x)))
µ(B(x, r))
]1/q (
1
µ(B(x, ρ(x)))
∫
B(x,ρ(x))
Vqdµ
)1/q
≤ C
(
r
ρ(x)
)2 [
µ(B(x, ρ(x)))
µ(B(x, r))
]1/q
ρ2(x)
µ(B(x, ρ(x)))
∫
B(x,ρ(x))
Vdµ≤ C
(
r
ρ(x)
)2−Q/q
.
When r ≥ ρ(x), there exists some integer j ≥ 0 such that 2 jρ(x) ≤ r < 2 j+1ρ(x). It follows from
the doubling property of Vdµ, that
r2
µ(B(x, r))
∫
B(x,r)
Vdµ ≤ (2
j+1ρ(x))2
µ(B(x, 2 jρ(x)))
∫
B(x,2 j+1ρ(x))
Vdµ
≤ 2
2 j+2C
j+1
V
ρ2(x)
µ(B(x, ρ(x)))
∫
B(x,ρ(x))
Vdµ
≤ C22 j+2C j+1
V
≤ C
(
r
ρ(x)
)k1
,
where k1 = 2 + log2CV . This concludes the proof of Lemma 2.3. 
Remark 2.4. Note that on a connected metric measure space, a doubling measure also satisfies a
reverse doubling property (cf. [27, Remark 7.1.18]), i.e., there exists 0 < n < Q such that
c2nµ(B(x, r)) ≤ µ(B(x, 2r)).
By the reverse doubling property of the measure µ, we can actually obtain better estimate in the
previous lemma for r ≥ ρ(x). Indeed, one can take k1 = 2 + log2CV − n. However, this will
not improve our main result. To keep the notions simple, we will not take the reverse doubling
property into account.
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Lemma 2.5. Let V ∈ RHq(X)∩ A∞(X), q > max{Q/2, 1}. Then there exists a constant C > 0 such
that, for any x ∈ X and t > 0,
∫
X
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
V(y)dµ(y) ≤

C
t
( √
t
ρ(x)
)2−Q/q
,
√
t < ρ(x);
C
t
( √
t
ρ(x)
)k1
,
√
t ≥ ρ(x),
where k1 = 2 + log2CV .
Proof. By dividing into annulus and using the fact that Vdµ is a doubling measure, we conclude
∫
X
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
V(y)dµ(y)
≤ C
µ(B(x,
√
t))
∫
X
(
1 +
d(x, y)√
t
)−CV
V(y)dµ(y)
=
C
µ(B(x,
√
t))

∫
B(x,
√
t)
+
∞∑
j=0
∫
2 j≤ d(y,x)√
t
<2 j+1
 · · · dµ(y)
≤ C
µ(B(x,
√
t))

∫
B(x,
√
t)
Vdµ +
∞∑
j=0
2− jCV
∫
2 j+1B(x,
√
t)
Vdµ

≤ C
µ(B(x,
√
t))

∫
B(x,
√
t)
Vdµ +
∞∑
j=0
(
CV
2CV
) j ∫
B(x,
√
t)
Vdµ

≤ C
µ(B(x,
√
t))
∫
B(x,
√
t)
Vdµ.
Then the lemma follows from Lemma 2.3. 
2.2 Some regularity results for the Schro¨dinger equation
In this part, we provide basic analysis tools for the Schro¨dinger operator. We begin by a prop-
erty of Muckenhoupt weight.
Lemma 2.6. If V ∈ A∞(X), then there exist 0 < γ, ǫ < 1 such that for all balls B in X we have
µ
({
x ∈ B : V(x) < γ
?
B
Vdµ
})
≤ ǫµ(B).
Proof. Fix a ball B and take
λ = exp
{
−
?
B
logVdµ
}
.
Then we have ?
B
log(λV)−1dµ = −
?
B
log(λV)dµ = − log λ −
?
B
logVdµ = 0.
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Since multiplication of an A∞ weight with a positive scalar does not alter its A∞ characteristic, we
may assume that
>
B
logV−1dµ = 0. Note that
[V]A∞ = sup
B
(?
B
Vdµ
)
exp
{?
B
logV−1dµ
}
,
which gives VB ≤ [V]A∞ . Therefore by letting γ = [V]−1A∞(e2[V]A∞ − 1)−1 and ǫ = 1/2, we obtain
µ
({
x ∈ B : V(x) < γ
?
B
Vdµ
})
≤ µ ({x ∈ B : V(x) < γ[V]A∞})
≤ µ
({
x ∈ B : log(1 + V(x)−1) > log(1 + (γ[V]A∞)−1)
})
≤ 1
log(1 + (γ[V]A∞)
−1)
∫
B
log
1 + V(x)
V(x)
dµ(x)
≤ 1
log(1 + (γ[V]A∞)
−1)
∫
B
log(1 + V(x))dµ(x)
≤ 1
log(1 + (γ[V]A∞)
−1)
∫
B
V(x)dµ(x)
≤ [V]A∞
log(1 + (γ[V]A∞)
−1)
µ(B)
=
1
2
µ(B),
which completes the proof. 
Proposition 2.7. (Fefferman-Phong’s inequality) Let V ∈ RHq(X) ∩ A∞(X), q > max{Q/2, 1}.
Suppose that u belongs to W1,2(X). Then there exists a constant C > 0 independent of u such that∫
X
|u|2ρ−2dµ ≤ C
(∫
X
|∇xu|2dµ +
∫
X
|u|2Vdµ
)
.
Proof. Fix x0 ∈ X and let B0 = B(x0, ρ(x0)). There hold by the Poincare´ inequality that?
B0
?
B0
|u(x) − u(y)|2ρ(x0)−2dµ(x)dµ(y) ≤ C
?
B0
|∇xu(x)|2dµ(x)
and ?
B0
?
B0
|u(y)|2V(y)dµ(x)dµ(y) ≤
?
B0
|u(x)|2V(x)dµ(x).
Adding two inequalities above we arrive at
?
B0
|u(x)|2
(?
B0
min
{
V(y), ρ(x0)
−2} dµ(y)
)
dµ(x) ≤ C
(?
B0
|∇xu(x)|2dµ(x) +
?
B0
|u(x)|2V(x)dµ(x)
)
.
Since V is an A∞ weight, Lemma 2.6 shows there exist constants 0 < ǫ, γ < 1 such that, for any
ball B ⊂ X,
µ
({
y ∈ B : V(y) < γ
?
B
Vdµ
})
≤ ǫµ(B).
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From this, (2.1) and Lemma 2.2, it follows that
?
B0
min
{
V(y), ρ(x0)
−2} dµ(y) ≥ (1 − ǫ)min
{
γ
?
B0
Vdµ, ρ(x0)
−2
}
≥ cρ(x0)−2 ≥ cρ(x)−2,
which implies that
?
B0
|u(x)|2ρ(x)−2dµ(x) ≤ C
(?
B0
|∇xu(x)|2dµ(x) +
?
B0
|u(x)|2V(x)dµ(x)
)
.
Therefore there holds by Lemma 2.2 and (D) that
∫
X
|u(x)|2ρ(x)−2 1B0(x)
µ(B(x, ρ(x)))
dµ(x) ≤ C
∫
X
|∇xu(x)|2
1B0(x)
µ(B(x, ρ(x)))
dµ(x)(2.2)
+C
∫
X
|u(x)|2V(x) 1B0(x)
µ(B(x, ρ(x)))
dµ(x).
Integrating the LHS of (2.2) in x0 over M, changing the order of integration, applying Lemma
2.2 and (D) again, we infer that
∫
X
∫
X
|u(x)|2ρ(x)−2 1B0(x)
µ(B(x, ρ(x)))
dµ(x)dµ(x0) ≥
∫
X
∫
X
|u(x)|2ρ(x)−21B(x,cρ(x))(x0)
µ(B(x, ρ(x)))
dµ(x0)dµ(x)
=
∫
X
|u(x)|2ρ(x)−2 µ(B(x, cρ(x)))
µ(B(x, ρ(x)))
dµ(x)
≥ c
∫
X
|u(x)|2ρ(x)−2dµ(x).
Analogously, the RHS is bounded by a harmless positive constant times
∫
X
|∇xu(x)|2dµ(x) +
∫
X
|u(x)|2V(x)dµ(x).
This completes the proof of Proposition 2.7. 
Recall that L = L + V , where L is the operator generalized by the Dirichlet form E . We shall
need the following two Caccioppoli’s inequalities, whose proofs are standard; see [36, Lemma 3]
or [7, Lemma 7.5] for example.
Lemma 2.8. (Caccioppoli’s inequality) Let V ∈ RHq(X) ∩ A∞(X), q > max{Q/2, 1}. Let u(x) be
a weak solution to L u = Lu + Vu = 0 in some ball λB with λ > 1. Then there exists a constant
C > 0 independent of u and λB such that
∫
B
|∇xu|2dµ +
∫
B
|u|2Vdµ ≤ C
(λrB − rB)2
∫
λB
|u|2dµ.
In what follows, we denote by Q, a parabolic cube as Q = B(xQ, rQ) × (tQ − r2Q, tQ + r2Q).
Moreover, given a constant λ > 0 we use λQ to denote B(xQ, λrQ) × (tQ − (λrQ)2, tQ + (λrQ)2).
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Lemma 2.9. (parabolic Caccioppoli’s inequality) Let V ∈ RHq(X)∩A∞(X), q > max{Q/2, 1}. Let
u(x, t) be a weak solution to ∂tu + L u = 0 in some parabolic cube λQ with λ > 1. Then there
exists a constant C > 0 independent of u and λQ such that
sup
tQ−r2Q<s<tQ+r2Q
∫
B(xQ ,rQ)
|u(x, s)|2dµ(x) +
∫
Q
(|∇xu|2 + |u|2V)dµdt ≤
C
(λrQ − rQ)2
∫
λQ
|u|2dµdt.
Proposition 2.10. Assume that the Dirichlet metric measure space (X, d, µ,E ) satisfies (D) and
(P2). Let g ∈ Lq(B), where q > max{ 2QQ+2 , 1} and B = B(x, r). There exists v ∈ W1,20 (B) such that
Lv = g. Moreover, if q < Q/2, it holds for q∗ = Qq
Q−2q ,

?
1
2
B
|v|q∗dµ

1/q∗
≤ Cr2
(?
B
|g|qdµ
)1/q
;
if q = Q/2 then it holds for any p < ∞ that

?
1
2
B
|v|pdµ

1/p
≤ Cr2
(?
B
|g|qdµ
)1/q
;
if q > Q/2, it holds
‖v‖L∞( 1
2
B) ≤ Cr2
(?
B
|g|qdµ
)1/q
.
Proof. The existence of v follows from [9, Lemma 2.6], which also implies
?
B
|v|dµ ≤ Cr
(?
B
|∇xv|2dµ
)1/2
≤ Cr2
(?
B
|g|qdµ
)1/q
.(2.3)
Note that [9, Lemma 2.6] was stated for Q ≥ 2 only. But when Q < 2, µ satisfies Q′-doubling
with Q′ = 2, and q > 1 = 2Q
′
Q′+2 , so [9, Lemma 2.6] applies in this case.
If g ∈ L∞(B), [9, Proposition 3.1] then implies for almost every x ∈ 1
2
B that
|v(x)| ≤ C
{?
B
|v|dµ +G(x)
}
≤ Cr2
(?
B
|g|qdµ
)1/q
+CG(x),
where G is given as
G(x) :=
∑
j≤[log2 r]
22 j
(?
B(x,2 j)
|g|qdµ
)1/q
.
In the above summation, [log2 r] denotes the biggest integer not bigger than log2 r, and we set
g|B(x,2 j)\B = 0 if B(x, 2 j) \ B , ∅.
By the mapping property of the potential G from [26, Theorem 5.3], we deduce that if
2Q
Q+2
<
q < Q/2, it holds for q∗ = Qq
Q−2q ,

?
1
2
B
|v|q∗dµ

1/q∗
≤ Cr2
(?
B
|g|qdµ
)1/q
+C‖G‖Lq∗ ( 1
2
B) ≤ Cr2
(?
B
|g|qdµ
)1/q
.
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If q = Q/2, it holds for any p < ∞ that

?
1
2
B
|v|pdµ

1/p
≤ Cr2
(?
B
|g|qdµ
)1/q
.
If q > Q/2, it holds
‖v‖L∞( 1
2
B) ≤ Cr2
(?
B
|g|qdµ
)1/q
+C‖G‖L∞( 1
2
B) ≤ Cr2
(?
B
|g|qdµ
)1/q
.
Since the Laplace equation is a linear equation, by using a limit progress, i.e., choosing gk =
(−k) ∨ {g ∧ k}, we see that the above two estimates hold for general Lq functions g. 
Proposition 2.11. Assume that the Dirichlet metric measure space (X, d, µ,E ) satisfies (D) and
(P2). Suppose that L u = Lu+Vu = 0 in a bounded domain Ω ⊂ X, where V ∈ RHq(X)∩ A∞(X),
q > max{Q/2, 1}. Then u is locally bounded in Ω.
Proof. Let B = B(xB, rB) with 2B ⊂ Ω. Suppose first Q > 2. Since V ∈ RHq, q > max{1,Q/2},
and u ∈ L 2QQ−2 (2B) as a consequence of the Sobolev-Poincare´ inequality (cf. [26]), by the Ho¨lder
inequality, we can conclude that
∫
2B
|Vu|pdµ ≤
(∫
2B
|V |qdµ
)p/q (∫
2B
|u|
pq
q−p dµ
)(q−p)/q
,(2.4)
where we choose p < q such that
pq
q−p =
2Q
Q−2 . It then holds
1
p
=
1
2
− 2
Q
+
1
q
<
1
2
,
which implies 2 < p < q.
Proposition 2.10 implies that there exists a solution v ∈ W1,2
0
(2B) such that Lv = Vu. As
Lv = Vu and L u = 0 in 2B, u + v is L-harmonic in 2B and it holds
(2.5) ‖u + v‖L∞(B) ≤ C
?
2B
|u + v|dµ ≤ C
?
2B
|u|dµ +Cr2B
(?
2B
|Vu|pdµ
)1/p
,
where the last inequality follows from (2.3).
If p > Q/2, Proposition 2.10 implies
‖v‖L∞(B) ≤ Cr2B
(?
2B
|Vu|pdµ
)1/p
,
which together with (2.5) yields
‖u‖L∞(B) ≤ C
?
2B
|u + v|dµ + ‖v‖L∞(B) ≤ C
?
2B
|u|dµ +Cr2B
(?
2B
|Vu|pdµ
)1/p
.
This means u is locally bounded in Ω.
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If p = Q/2, then Proposition 2.10 together with (2.5) shows that for any p′ < ∞, it holds
‖u‖Lp′ (B) ≤ C
?
2B
|u + v|dµ + ‖v‖Lp′ (B) ≤ C
?
2B
|u|dµ +Cr2B
(?
2B
|Vu|pdµ
)1/p
.
As q > Q/2, we let p′ be large enough such that 1
q
+ 1
p′ <
2
Q
, and p′
1
be as 1
p′
1
= 1
q
+ 1
p′ . By (2.5)
and an argument similar to (2.4), we have Vu ∈ Lp′1 (B), where p′
1
> Q/2. The argument for the
case p > Q/2 then applies and yields that u ∈ L∞(1
2
B).
If p < Q/2, then Proposition 2.10 together with (2.5) implies that for p∗ = Qp
Q−2p ,
‖u‖Lp∗ (B) ≤ C
?
2B
|u + v|dµ + ‖v‖Lp∗ (B) ≤ C
?
2B
|u|dµ +Cr2B
(?
2B
|Vu|pdµ
)1/p
.
We let p1 be
p1q
q−p1 =
Qp
Q−2p , i.e.,
1
p1
=
1
p
− 2
Q
+
1
q
=
1
2
− 2
Q
+
1
q
− 2
Q
+
1
q
=
1
2
− 4
Q
+
2
q
.
By (2.5) and an argument similar to (2.4), we have Vu ∈ Lp1 (B). By using Proposition 2.10 again,
we first find a solution v1 ∈ W1,20 (B) such that Lv1 = Vu in B, and then repeat the above argument
to deduce that u ∈ L∞(1
2
B) if p1 > Q/2, u ∈ Lp∗1(12B) if p1 < Q/2, and u ∈ Lp
′
(1
2
B) for any p′ < ∞
if p1 = Q/2. Let k ∈ N be such that
1
pk
=
1
2
− k
(
2
Q
− 1
q
)
<
2
Q
.
Repeating the above arguments at most k times, we see that u ∈ L∞(2−kB). This implies that u is
locally bounded in Ω.
If Q ≤ 2, then q > 1 and we may choose any Q′ > 2 such that q > Q′/2. Note that µ satisfies the
doubling condition with Q′ also. The above approach applies and shows that u is locally bounded.
The proof is complete. 
Proposition 2.12. Assume that the Dirichlet metric measure space (X, d, µ,E ) satisfies (D) and
(P2). Suppose that L u = Lu+Vu = 0 in a bounded domain Ω ⊂ X, where V ∈ RHq(X)∩ A∞(X),
q > max{Q/2, 1}. Then there exists C > 0 such that for any ball B = B(xB, rB) with 2B ⊂ Ω,
‖u‖L∞(B) ≤ C
?
2B
|u|dµ.
Moreover, u is locally Ho¨lder continuous in Ω, and there exists θ ∈ (0,min{1, 2 − Q/q}) such that
for any x, y ∈ 1
2
B,
|u(x) − u(y)| ≤ C
(
d(x, y)
rB
)θ
‖u‖L∞(B)
(
1 + r2B
?
B
Vdµ
)
.
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Proof. By the previous proposition, u is locally bounded, and hence u2 ∈ W1,2
loc
(Ω). For any ball
B = B(xB, rB) with 2B ⊂ Ω, let ϕ ≥ 0 be a Lipschitz function supported in 2B, then it holds∫
2B
〈∇xu2,∇xϕ〉dµ =
∫
2B
〈∇xu,∇x(2uϕ)〉dµ − 2ϕ
∫
2B
〈∇xu,∇xu〉dµ
= −
∫
2B
2Vu2ϕdµ − 2ϕ
∫
2B
|∇xu|2dµ ≤ 0.
Therefore u2 is a non-negative sub-harmonic function. [6, Theorem 5.4] gives that
‖u‖L∞(B) ≤ C
?
2B
|u|dµ.
Let us prove the Ho¨lder continuity. As u ∈ L∞(B) and V ∈ RHq(X) ∩ A∞(X), q > max{1,Q/2},
by [6, Theorem 5.13] (see also [33, Lemma 2.8]) the solution of the equation Lv = Vu, v ∈ W1,2
0
(B)
is Ho¨lder continuous. Moreover, there exits θ1 ∈ (0,min{1, 2 − Q/q}) such that for any x, y ∈ 12B,
|v(x) − v(y)| ≤
(
d(x, y)
rB
)θ1 r2
B
µ(B)1/q
‖Vu‖Lq(B).
Once more we use u + v as an L-harmonic function to conclude that there exits θ2 ∈ (0, 1) such
that for any x, y ∈ 1
2
B,
|u(x) − u(y)| ≤ |u(x) + v(x) − u(y) − v(y)| + |v(x) − v(y)|
≤ C
(
d(x, y)
rB
)θ2 ?
B
|u + v|dµ +C
(
d(x, y)
rB
)θ1 r2
B
µ(B)1/q
‖Vu‖Lq(B)
≤ C
(
d(x, y)
rB
)min{θ1,θ2} 
?
B
|u|dµ + r2B
(?
B
|Vu|qdµ
)1/q
≤ C
(
d(x, y)
rB
)min{θ1,θ2} 
?
B
|u|dµ + ‖u‖L∞(B)r2B
(?
B
|V |qdµ
)1/q
≤ C
(
d(x, y)
rB
)min{θ1,θ2}
‖u‖L∞(B)
(
1 + r2B
?
B
Vdµ
)
.
Letting θ = min{θ1, θ2} completes the proof. 
3 Heat kernel, Poisson kernel and Hardy space
3.1 Heat kernel and Poisson kernel
We now proceed to estimate the heat kernel and Poisson kernel for the Schro¨dinger operator.
Recall that L is the operator generalized by the Dirichlet form E , L = L + V is the Schro¨dinger
operator. We denote by ht(x, y), pt(x, y) the kernels of e
−tL and e−t
√L, respectively, and hvt (x, y),
pvt (x, y) the kernels of Ht = e
−tL and Pt = e−t
√
L , respectively.
We begin by a quantitative estimate for solutions to the parabolic Schro¨dinger equation. The
proof is similar to the Euclidean case presented in [36, Proof of Theorem 2].
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Lemma 3.1. Assume that V ∈ RHq(X)∩A∞(X)with q > max{Q/2, 1}. Let u(x, t) be a non-negative
weak solution to (∂t+L )u = 0 in the parabolic cube 4Q, Q = B(xQ, rQ)× (tQ − r2Q, tQ + r2Q). Then
there exist constants C, ǫ > 0 independent of u and B such that
sup
Q
|u| ≤ C
(?
4Q
|u|2dµdt
)1/2
exp
−ǫ
(
1 +
rQ
ρ(xQ)
)1/(k0+1) .
Proof. Since u(x, t) is a non-negative weak solution to (∂t +L )u = 0 and V ≥ 0, u(x, t) is a non-
negative sub-solution to (∂t + L)u ≤ 0. The mean value property (see [50, Theorem 2.1]) implies
that
sup
Q
|u| ≤ C
(?
2Q
|u|2dµdt
)1/2
.(3.1)
For a given k ∈ N, we divide the annulus 4Q \ 2Q into 2k equal shares. For j = 0, 1, · · · , 2k, we
set α j = 2 + j/k. For each even number 1 ≤ j ≤ 2k, we take a Lipschitz function η j with support
in α j−1B such that η j = 1 on α j−2B and |∇xη j| ≤ Ck/rQ.
On the one hand, applying Fefferman-Phong’s inequality (see Proposition 2.7) yields that for
each even number 2 ≤ j ≤ 2k,
∫
α j−2Q
|η ju|2ρ−2dµdt ≤ C
∫ tQ+(α j−1rQ)2
tQ−(α j−1rQ)2
(∫
X
|u∇xη j|2dµ +
∫
X
|η j∇xu|2dµ +
∫
X
|η ju|2Vdµ
)
dt
≤ C k
2
r2
Q
∫
α j−1Q
|u|2dµdt + C
∫
α j−1Q
(|∇xu|2 + |u|2V)dµdt
≤ C k
2
r2
Q
∫
α jQ
|u|2dµdt,
where the last inequality is due to parabolic Caccioppoli’s inequality (Lemma 2.9).
On the other hand, thanks to Lemma 2.2, it follows that, for any x ∈ 4B(xQ, rQ),
1 +
rQ
ρ(x)
≥ 1 + crQ
ρ(xQ)
(
1 +
d(x, xQ)
ρ(xQ)
)−k0/(k0+1)
≥ c
(
1 +
rQ
ρ(xQ)
)1/(k0+1)
.
One may use the two inequalities above to deduce that
∫
α j−2Q
|u|2dµdt ≤ C2
(
1 +
rQ
ρ(xQ)
)−2/(k0+1) ∫
α j−2Q
|u(x, t)|2
(
1 +
rQ
ρ(x)
)2
dµ(x)dt
≤ C2
(
1 +
rQ
ρ(xQ)
)−2/(k0+1) ∫
α j−2Q
|u(x, t)|2
1 +
(
rQ
ρ(x)
)2 dµ(x)dt
≤ C21k2
(
1 +
rQ
ρ(xQ)
)−2/(k0+1) ∫
α jQ
|u|2dµdt,
where C1 > 0 is a harmless constant.
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Combining the estimates for each j = 2, 4, · · · , 2k, we deduce that
∫
2Q
|u|2dµdt ≤ C2k1 k2k
(
1 +
rQ
ρ(xQ)
)−2k/(k0+1) ∫
4Q
|u|2dµdt,
which, together with (3.1) and (D), implies that, for every k = 0, 1, 2, · · · ,
(
1 +
rQ
ρ(xQ)
)k/(k0+1)
sup
Q
|u| ≤ C2
(
1 +
rQ
ρ(xQ)
)k/(k0+1) (?
2Q
|u|2dµdt
)1/2
≤ C2Ck1kk
(?
4Q
|u|2dµdt
)1/2
.
Now by Stirling’s approximation, kk
√
2πk ∼ ekk! as k → ∞, there holds
(
1 +
rQ
ρ(xQ)
)k/(k0+1)
sup
Q
|u| ≤ C C
k
1√
2πk
ekk!
(?
4Q
|u|2dµdt
)1/2
.(3.2)
Finally, multiplying both sides of (3.2) by ǫk/k! for a positive constant ǫ small than C1e/2, and
summing over k, we arrive at
sup
Q
|u|
∞∑
k=0
ǫk
(
1 + rQ/ρ(xQ)
)k/(k0+1)
k!
≤ C
(?
4Q
|u|2dµdt
)1/2 ∞∑
k=0
(C1eǫ)
k,
and hence
sup
Q
|u| ≤ C
(?
4Q
|u|2dµdt
)1/2
exp
−ǫ
(
1 +
rQ
ρ(xQ)
)1/(k0+1) ,
as desired. 
By the estimates for heat kernel of heat semigroup of operator L (cf. [50, 51]), we know that
0 ≤ hvt (x, y) ≤ ht(x, y) ≤
C
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
.(3.3)
Combining the results from [51], and Lemma 3.1, we derive the following estimates for the heat
kernel and Poisson kernel for the Schro¨dinger operators. For the proofs, we shall make use of the
results from [43, 51] and also [7]. Note that although [7, Section 7] was presented on manifolds,
its proof works also for our Dirichlet spaces.
Proposition 3.2. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and (P2).
Assume that V ∈ RHq(X)∩A∞(X) with q > max{Q/2, 1}. Then the following statements hold true:
(i) Gaussian upper bound: For every m ∈ {0} ∪ N, there exist constants C, c > 0 such that, for
any x, y ∈ X and t > 0,
(GUB) |tm∂mt hvt (x, y)| ≤
C
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) .
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(ii) For every m ∈ N and N > 0, then there exists a constant C > 0 such that, for any x ∈ X and
t > 0,
|tm∂mt e−tL (1)(x)| ≤ C
( √
t
ρ(x)
)δ (
1 +
√
t
ρ(x)
)−N
,
where δ ∈ (0,min{1, 2 − Q/q}).
(iii) There exist constants C, c > 0 and θ ∈ (0,min{1, 2 − Q/q}), such that
|hvt (x, y) − hvt (x, y)| ≤ C
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
,
whenever d(x, x) < d(x, y)/4, d(x, x) < ρ(x) and t > 0.
(iv) There exist constants C, c > 0 and θ ∈ (0,min{1, 2 − Q/q}), such that
|t∂thvt (x, y) − t∂thvt (x, y)| ≤ C
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
,
whenever d(x, x) < d(x, y)/4, d(x, x) < ρ(x) and t > 0.
Proof. (i) It suffices to consider the case m = 0 since the other case m > 0 is a direct consequence
of Cauchy’s integral formula; see [50, Theorem 2.6] or [10] for instance.
When m = 0, noticing that the heat kernel hvt (x, y) is a weak solution to ∂tu + L u = 0 in
parabolic cube B(x,
√
t/2) × (3t/4, 5t/4), we conclude by Lemma 3.1, (3.3) and (D) that
|hvt (x, y)| ≤ C
(? 5t/4
3t/4
?
B(x,
√
t/2)
|hvs(z, y)|2dµ(z)ds
)1/2
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1)
≤ C
(? 5t/4
3t/4
?
B(x,
√
t/2)
dµ(z)ds
[µ(B(y,
√
s))]2
)1/2
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1)
≤ C
µ(B(y,
√
t))
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) ,
which, together with (3.3) and (D) again, implies that
|hvt (x, y)| = |hvt (x, y)|1/2 |hvt (x, y)|1/2
≤ C
µ(B(x,
√
t))1/2µ(B(y,
√
t))1/2
exp
{
−d(x, y)
2
ct
}
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1)
≤ C
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) .
(ii) Note that
∂te
−tL (1)(x) = −L e−tL (1)(x) = −e−tL V(x) = −
∫
X
hvt (x, y)V(y)dµ(y).
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This, together with (i) and Lemma 2.5, yields that
|tm∂mt e−tL (1)(x)| ≤ C
∫
X
t
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
} (
1 +
√
t
ρ(x)
)−N−k1−2
V(y)dµ(y)
≤ C
( √
t
ρ(x)
)2−Q/q (
1 +
√
t
ρ(x)
)−N−2
≤ C
( √
t
ρ(x)
)δ (
1 +
√
t
ρ(x)
)−N
,
where k1 is as in Lemma 2.5, and δ ∈ (0,min{1, 2 − Q/q}).
(iii) By [7, Propositon 7.15] together with the Ho¨lder regularity of ht(x, y) from [43, 51], we
know that
|hvt (x, y) − hvt (x, y)| ≤ |[ht(x, y) − hvt (x, y)] − [ht(x, y) − hvt (x, y)]| + |ht(x, y) − ht(x, y)|
≤ C
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
.
(iv) It follows from the semigroup property, (D), (iii), and (GUB) that
|t∂thvt (x, y) − t∂thvt (x, y)| =
∣∣∣∣∣∣2
∫
X
[hvt/2(x, z) − hvt/2(x, z)] s
∂hvs(z, y)
∂s
∣∣∣∣∣
s=t/2
dµ(z)
∣∣∣∣∣∣
≤ C
∫
X
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, z)
2
ct
} ∣∣∣∣∣∣ s
∂hvs(z, y)
∂s
∣∣∣∣∣
s=t/2
∣∣∣∣∣∣dµ(z)
≤ C
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
.
The proof is completed. 
Remark 3.3. In the estimate (iii) of the previous proposition, by more careful analysis, one can
improve the estimate to
|hvt (x, y) − hvt (x, y)| ≤ C
(
d(x, x)√
t
)θ
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
} (
1 +
√
t
ρ(x)
+
√
t
ρ(y)
)−N
,
whenever d(x, x) <
√
t. Therefore, Proposition 3.2 (iv) can also be improved. To keep the length
of the paper, we will not address it.
The following result was proved in [7, Proposition 7.13] by Kato-Trotter formula
ht(x, y) − hvt (x, y) =
∫ t
0
hs(x, z)V(z)h
v
t−s(z, y)dµ(z)ds.
Proposition 3.4. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and (P2). Let
V ∈ RHq(X) ∩ A∞(X), q > max{Q/2, 1}. Then there exists C, c > 0 such that for all x, y ∈ X and
t > 0, it holds
0 ≤ ht(x, y) − hvt (x, y) ≤ C
( √
t√
t + ρ(x)
)2−Q/q
1
µ(B(x,
√
t))
exp
{
−d(x, y)
2
ct
}
.
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The estimates for the Poisson kernel follow from the heat kernel estimates and the Bochner
subordination formula,
e−t
√
L =
1
2
√
π
∫ ∞
0
t
s1/2
exp
{
− t
2
4s
}
e−sL
ds
s
=
1√
π
∫ ∞
0
√
ue−ue−
t2
4u
L du
u
.(3.4)
Proposition 3.5. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and (P2).
Assume that V ∈ RHq(X) ∩ A∞(X) with q > max{Q/2, 1}. Then for any N > 0, the following
statements hold true:
(i) Poisson upper bound: For every m ∈ {0} ∪ N, there exists a constant C > 0 such that, for
any x, y ∈ X and t > 0,
|tm∂mt pvt (x, y)| ≤ C
t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N
.(3.5)
(ii) For every m ∈ N, then there exists a constant C > 0 such that, for any x ∈ X and t > 0,
|tm∂mt e−t
√
L (1)(x)| ≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
,(3.6)
where δ ∈ (0,min{1, 2 − Q/q}).
(iii) There exist constants C, c > 0 and θ ∈ (0,min{1, 2 − Q/q}), such that
|pvt (x, y) − pvt (x, y)| ≤ C
(
d(x, x)
t + d(x, y)
)θ
t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
,
whenever d(x, x) < d(x, y)/4, d(x, x) < ρ(x) and t > 0.
(iv) There exist constants C, c > 0 and θ ∈ (0,min{1, 2 − Q/q}), such that
|t∂tpvt (x, y) − t∂tpvt (x, y)| ≤ C
(
d(x, x)
t + d(x, y)
)θ
t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
,
whenever d(x, x) < d(x, y)/4, d(x, x) < ρ(x) and t > 0.
Proof. (i) When m = 0, it follows from Bochner’s subordination formula and (GUB) that
|pvt (x, y)| =
∣∣∣∣∣∣
1
2
√
π
∫ ∞
0
t
s1/2
exp
{
− t
2
4s
}
hvs(x, y)
ds
s
∣∣∣∣∣∣
≤ C
∫ ∞
0
t
s1/2
1
µ(B(x,
√
s))
exp
{
− t
2 + d(x, y)2
cs
} (
1 +
√
s
ρ(x)
)−N
ds
s
= C

∫ t2+d(x,y)2
0
+
∫ ∞
t2+d(x,y)2
 · · ·
ds
s
.
To estimate the local part, we conclude by the doubling condition that
∫ t2+d(x,y)2
0
t
s1/2
1
µ(B(x,
√
s))
exp
{
− t
2 + d(x, y)2
cs
} (
1 +
√
s
ρ(x)
)−N
ds
s
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=
∫ 1
0
t√
r(t2 + d(x, y)2)
1
µ(B(x,
√
r(t2 + d(x, y)2)))
exp
{
− 1
cr
} 1 +
√
r(t2 + d(x, y)2)
ρ(x)

−N
dr
r
≤ C t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N ∫ 1
0
r−
Q+N+1
2 exp
{
− 1
cr
}
dr
r
≤ C t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N
.
For the global part, there holds that
∫ ∞
t2+d(x,y)2
t
s1/2
1
µ(B(x,
√
s))
exp
{
− t
2 + d(x, y)2
cs
} (
1 +
√
s
ρ(x)
)−N
ds
s
≤ 1
µ(B(x,
√
t2 + d(x, y)2))
1 +
√
t2 + d(x, y)2
ρ(x)

−N ∫ ∞
t2+d(x,y)2
t
s1/2
ds
s
≤ C t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N
.
Combing the three inequalities above leads to the desired result.
The case m > 0 follows from the case m = 0 and Bochner’s subordination formula that
|tm∂mt pvt (x, y)| =
∣∣∣∣∣∣
1
2
√
π
∫ ∞
0
tm∂mt
(
t
s1/2
exp
{
− t
2
4s
})
hvs(x, y)
ds
s
∣∣∣∣∣∣
≤ Cm
∫ ∞
0
t
s1/2
exp
{
− t
2
cs
}
hvs(x, y)
ds
s
≤ C t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N
.
(ii) By Bochner’s subordination formula (3.4) and Proposition 3.2 (ii), we deduce that
|t∂te−t
√
L (1)(x)| =
∣∣∣∣∣∣
t√
π
∫ ∞
0
√
u
2t
4u
e−uL e−
t2
4u
L (1)(x)
du
u
∣∣∣∣∣∣
=
∣∣∣∣∣∣
1√
π
∫ ∞
0
t√
s
exp
{
− t
2
4s
}
sL e−sL (1)(x)
ds
s
∣∣∣∣∣∣
≤ C
∫ ∞
0
t√
s
exp
{
− t
2
4s
} ( √
s
ρ(x)
)δ (
1 +
√
s
ρ(x)
)−N
ds
s
,
where δ ∈ (0,min{1, 2 − Q/q}). Set F := t√
s
exp
{
− t2
4s
} ( √
s
ρ(x)
)δ (
1 +
√
s
ρ(x)
)−N
. Then we have
∫ ∞
t2
F
ds
s
≤
∫ ∞
t2
t√
s
( √
s
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
ds
s
≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
.
If ρ(x) ≥ t, then
∫ t2
0
F
ds
s
≤ C
∫ t2
0
t√
s
(
s
t2
)2 ( √s
ρ(x)
)δ
ds
s
≤ C
(
t
ρ(x)
)δ
≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
.
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Otherwise ρ(x) < t, there holds
∫ t2
0
F
ds
s
=
∫ ρ(x)2
0
F
ds
s
+
∫ t2
ρ(x)2
F
ds
s
≤ C
∫ ρ(x)2
0
t√
s
( √
s
t
)N+1 ( √
s
ρ(x)
)δ
ds
s
+C
∫ t2
ρ(x)2
t√
s
( √
s
t
)N+1 ( √
s
ρ(x)
)δ ( √
s
ρ(x)
)−N
ds
s
≤ C
(
t
ρ(x)
)δ (
ρ(x)
t
)N
≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
.
Therefore we obtain
|t∂te−t
√
L (1)(x)| ≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
.
The case m ≥ 2 then follows similarly as
|tm∂mt e−t
√
L (1)(x)| =
∣∣∣∣∣∣
tm√
π
∫ ∞
0
1√
s
∂m−1t
(
exp
{
− t
2
4s
})
sL e−sL (1)(x)
ds
s
∣∣∣∣∣∣
≤ C
∫ ∞
0
t√
s
exp
{
− t
2
cs
}
|sL e−sL (1)(x)|ds
s
≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
.
Propositions 3.5 (iii) and (iv) follow by using the Bochner subordination formula and Propo-
sition 3.2 (iii), (iv). We omit the proofs here and refer the reader to [39, Proposition 3.6] for an
example. 
3.2 Hardy space associated to Schro¨dinger operator
Let us first recall the definition of Hardy space for the Schro¨dinger operator; see [7, 52], and
[12, 15, 17, 16, 18, 38] for more related results.
An L2(X) function a is called (1, 2)ρ-atom, if it satisfies
(i) supp a ⊂ B(x, r);
(ii) ‖a‖L2(X) ≤ µ(B(x, r))−1/2;
(iii)
∫
X
adµ = 0 if r < ρ(x).
A function f is in the Hardy space H1ρ(X), if f has the representation
∑
j λ ja j, where a j are
(1, 2)ρ-atoms, and
∑
j |λ j| < ∞. The H1ρ(X) norm is defined as
‖ f ‖H1ρ := inf

∑
j
|λ j| : f =
∑
j
λ ja j
 .
We shall need a characterization of the H1ρ(X) via the following area function based on the
Poisson kernel. For f ∈ L2(X), we define SP ( f ) by
SP ( f )(x) =
(∫ ∞
0
?
B(x,t)
|t
√
L Pt( f )(z)|2dµ(z)
dt
t
)1/2
.
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We define the H1
L
(X) space norm as ‖ f ‖H1
L
:= ‖SP( f )‖L1 . The Hardy space H1L (X) is defined as
the completion of all L2(X) functions having finite H1
L
(X) norm.
Theorem 3.6. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and (P2). Sup-
pose V ∈ RHq(X) ∩ A∞(X) for some q > max{1,Q/2}. Then the Hardy spaces H1L (X) and
H1ρ(X) coincide with equivalent norms. Moreover, the dual space of H
1
L
(X) or H1ρ(X) is the space
BMOL (X).
Proof. By using the heat kernel estimates from Proposition 3.2, the required result follows from a
combination of [31, Theorem 7.3], [46, Theorem 1.3] and [7, Theorem 2.12].
The duality between H1ρ(X) and BMOL (X) was proved in [53, Theorem 2.1]. 
As an application of the estimates of the Poisson kernel, we obtain that
Proposition 3.7. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and (P2).
Suppose V ∈ RHq(X) ∩ A∞(X) for some q > max{1,Q/2}. For any s > 0, k ∈ N and y ∈ X,
∂ksp
v
s(·, y) ∈ H1ρ(X).
Proof. Note that −
√
L Pt(∂
k
sp
v
s(·, y))(x) = ∂k+1t pvt+s(x, y) is the kernel of ∂k+1Ps+t, and therefore
by Proposition 3.5, we conclude that
SP (∂kspvs(·, y))(x) =
(∫ ∞
0
?
B(x,t)
|t
√
L Pt(∂
k
sp
v
s(·, y))(z)|2dµ(z)
dt
t
)1/2
≤
(∫ ∞
0
?
B(x,t)
|t∂k+1t pvt+s(z, y)|2dµ(z)
dt
t
)1/2
≤ C

∫ ∞
0
?
B(x,t)
(
t(t + s)
(t + s)k+1(t + s + d(y, z))µ(B(y, t + s + d(y, z)))
)2
dµ(z)
dt
t

1/2
≤ C

∫ ∞
0
?
B(x,t)
(
t
(t + s)k+1/2(s + d(x, y))1/2µ(B(y, s + d(x, y)))
)2
dµ(z)
dt
t

1/2
≤ C

∫ ∞
0
(
t
(t + s)k+1/2(s + d(x, y))1/2µ(B(y, s + d(x, y)))
)2
dt
t

1/2
≤ Cs
1/2
sk(s + d(y, x))1/2µ(B(y, s + d(y, x)))
,
which implies for any y ∈ X, SP (∂kspvs(·, y))(x) ∈ L1(X). Then by using Theorem 3.6, we conclude
that ∂ksp
v
s(·, y) ∈ H1ρ(X). 
4 From HMO to BMO
In this section, we show that for any u ∈ HMOL (X×R+), there is a BMOL (X) function f such
that u(x, t) = Pt f (x) with desired norm control.
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We endow the product space X×R+ (also X×R) the product measure dµds. Since dµ is doubling,
dµds is also a doubling measure. Moreover, as the Poincare´ inequality holds on (X, d, µ), i.e.,
(?
B(x,r)
| f − fB|2dµ
)1/2
≤ CPr
(?
B(x,r)
|∇x f |2dµ
)1/2
for all f ∈ W1,2(B), we also have a Poincare´ inequality for the product space as, for any g ∈
W1,2(B(x, r) × (s, s + r)), it holds
(? s+r
s
?
B(x,r)
|g − gB(x,r)×(s,s+r)|2dµdt
)1/2
≤ CPr
(? s+r
s
?
B(x,r)
|∇g|2dµdt
)1/2
,
where ∇ = (∇x, ∂t).
For 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2, by defining V(x, t) := V(x) for all t ∈ R,
we see that V(x, t) ∈ RHq(X × R) ∩ A∞(X × R) with q > (Q + 1)/2; see the definitions in Section
2. By Proposition 2.12, L+-harmonic functions are locally Ho¨lder continuous on X × R+, as
V ∈ RHq(X × R) ∩ A∞(X × R) with q > (Q + 1)/2.
Lemma 4.1. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2. If u ∈
HMOL (X × R+), then there exists a constant C > 0 such that
|t∂tu(x, t)| ≤ C‖u‖HMOL , ∀ x ∈ X& t > 0.
Proof. Let ǫ > 0. Given x ∈ X and t > ǫ, for any −ǫ < h < ǫ, we set
uh(x, t) =
u(x, t + h) − u(x, t)
h
.
For any Lipschitz function φ with compact support in X × (ǫ,∞), there holds that∫ ∞
ǫ
∫
X
∂tuh(x, t)∂tφ(x, t)dµ(x)dt +
∫ ∞
ǫ
∫
X
〈∇xuh(x, t),∇xφ(x, t)〉dµ(x)dt
=
∫ ∞
ǫ
∫
X
∂t
u(x, t + h) − u(x, t)
h
∂tφ(x, t)dµ(x)dt
+
∫ ∞
ǫ
∫
X
〈∇x
u(x, t + h) − u(x, t)
h
,∇xφ(x, t)〉dµ(x)dt
=
1
h
∫ ∞
h+ǫ
∫
X
∂tu(x, t)∂tφ(x, t − h)dµ(x)dt −
1
h
∫ ∞
ǫ
∫
X
∂tu(x, t)∂tφ(x, t)dµ(x)dt
+
1
h
∫ ∞
h+ǫ
∫
X
〈∇xu(x, t),∇xφ(x, t − h)〉dµ(x)dt −
1
h
∫ ∞
ǫ
∫
X
〈∇xu(x, t),∇xφ(x, t)〉dµ(x)dt
= −1
h
∫ ∞
h+ǫ
∫
X
V(x)u(x, t)φ(x, t − h)dµ(x)dt + 1
h
∫ ∞
ǫ
∫
X
V(x)u(x, t)φ(x, t)dµ(x)dt
= −1
h
∫ ∞
ǫ
∫
X
V(x)u(x, t + h)φ(x, t)dµ(x)dt +
1
h
∫ ∞
ǫ
∫
X
V(x)u(x, t)φ(x, t)dµ(x)dt
= −
∫ ∞
ǫ
∫
X
V(x)uh(x, t)φ(x, t)dµ(x)dt.
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This implies uh(x, t) is an L+-harmonic function on X × (ǫ,∞). Then we conclude by the mean
value property (Proposition 2.12) that for any t > 2ǫ,
|uh(x, t)| ≤ C
(?
B(x,t/2)
? 3t/2
t/2
|uh(y, s)|2dsdµ(y)
)1/2
.(4.1)
Without loss of generality, we may assume h > 0. For a.e. y ∈ B(x, t/2), by applying the Ho¨lder
inequality we obtain
∫ 3t/2
t/2
|uh(y, s)|2ds =
∫ 3t/2
t/2
(
1
h
∫ s+h
s
∂ru(x, r)dr
)2
ds
≤
∫ 3t/2
t/2
1
h
∫ s+h
s
|∂ru(x, r)|2drds
≤
∫ 3t/2+h
t/2
1
h
∫ 3t/2
t/2
1{s: s∈(r−h,r)}(s)ds|∂ru(x, r)|2dr
≤ C
∫ 3t/2+ǫ
t/2
|∂ru(x, r)|2dr.
Therefore, substituting this estimate into the RHS of (4.1) yields for any t > 3ǫ that
|uh(x, t)| ≤ C
(
1
t
?
B(x,t/2)
∫ 3t/2+ǫ
t/2
|∂su(y, s)|2dsdµ(y)
)1/2
≤ C
(
1
t2
?
B(x,2t)
∫ 2t
0
|s∂su(y, s)|2
ds
s
dµ(y)
)1/2
≤ C
t
‖u‖HMOL .
This implies for t > 3ǫ that
|t∂tu(x, t)| ≤ C‖u‖HMOL .
Letting ǫ → 0 shows the above estimate holds for all t > 0. 
Proposition 4.2. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2. If u ∈
HMOL (X × R+), then there exists a constant C > 0 such that for any t, ǫ > 0 and any x ∈ X,
∫
X
|u(y, ǫ)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y) <
C
t
(
‖u(·, ǫ)‖2L∞(B(x,2t)) +
(
1 +
∣∣∣∣∣log tǫ
∣∣∣∣∣
)2
‖u‖2HMOL
)
.
Proof. By Proposition 2.12, u is locally Ho¨lder continuous in X × R+ and locally bounded. We
spit the integral into B(x, t) and X \ B(x, t). For the local part B(x, t), one has
∫
B(x,t)
|u(y, ǫ)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y) ≤ 1
t
‖u(·, ǫ)‖2L∞(B(x,t)).
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To estimate the global part X \ B(x, t), an annulus argument shows that
∫
X\B(x,t)
|u(y, ǫ)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y)
≤ C
∞∑
j=1
(2 jt)−1
? 2 jt
2 j−1t
?
B(x,2 jt)\B(x,2 j−1 t)
|u(y, ǫ)|dµ(y)ds
≤ C
∞∑
j=1
(2 jt)−1
?
E j
|u(y, ǫ) − u(y, s)|2dµ(y)ds
+C
∞∑
j=1
(2 jt)−1
?
E j
|u(y, s) − uE j |2dµ(y)ds +C
∞∑
j=1
(2 jt)−1|uE j |2
= C(I1 + I2 + I3),
where we denote by E j the cylinder B(x, 2
jt) × [2 j−1t, 2 jt) for simplicity.
For the term I1, there holds by Lemma 4.1 that
I1 =
∞∑
j=1
(2 jt)−1
?
E j
∣∣∣∣∣
∫ s
ǫ
∂ru(x, r)dr
∣∣∣∣∣
2
dµ(y)ds
≤ C‖u‖2HMOL
∞∑
j=1
(2 jt)−1
?
E j

∫ 2 jt
ǫ
dr
r

2
dµ(y)ds
≤ C‖u‖2HMOL
∞∑
j=1
∣∣∣∣log 2 jtǫ
∣∣∣∣2
2 jt
≤ C
t
(
1 +
∣∣∣∣∣log tǫ
∣∣∣∣∣
)2
‖u‖2HMOL .
The estimate of term I2 follows from the Poincare´ inequality,
I2 ≤
∞∑
j=1
C(2 jt)−1(2 jt)2
?
E j
|∇u(y, s)|2dµ(y)ds
≤
∞∑
j=1
C(2 jt)−1
∫ 2 jt
0
?
B(x,2 jt)
|s∇u(y, s)|2dµ(y)ds
s
≤ C
t
‖u‖2HMOL .
As E j = B(x, 2
jt)× [2 j−1t, 2 jt), it holds E j, E j+1 ⊂ B(x, 2 j+1t) × [2 j−1t, 2 j+1t) =: F j+1. Toward the
term I3, one writes
I3 ≤
∞∑
j=1
C(2 jt)−1
|uE1 | +
j∑
i=2
|uEi − uEi−1 |

2
≤
∞∑
j=1
C(2 jt)−1
|(u − u(·, ǫ))E1 | + ‖u(·, ǫ)‖L∞(B(x,2t)) +
j∑
i=2
(|uEi − uFi | + |uFi − uEi−1 |)

2
.
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It follows from the Poincare´ inequality and the doubling property that
|uEi − uFi | + |uFi − uEi−1 | ≤ C

? 2it
2i−2t
?
B(x,2it)
|u(x, s) − uFi |2dµ(x)ds

1/2
≤ C2it

? 2it
2i−2t
?
B(x,2it)
1
s
|s∇u(x, s)|2dµ(x)ds
s

1/2
≤ C‖u‖HMOL ,
and from Lemma 4.1 that
|(u − u(·, ǫ))E1 | ≤
?
B(x,t)×[t,2t]
|u(y, s) − u(y, ǫ)|dµ(y)ds
≤
?
B(x,t)×[t,2t]
(∫ s
ǫ
|∂ru(y, r)|dr
)
dµ(y)ds ≤ C
(
1 +
∣∣∣∣∣log tǫ
∣∣∣∣∣
)
‖u‖HMOL .
The above two estimates yield
I3 ≤
C
t
∞∑
j=1
2− j
(
‖u(·, ǫ)‖L∞(B(x,2t)) + j
(
1 +
∣∣∣∣∣log tǫ
∣∣∣∣∣
)
‖u‖HMOL
)2
≤ C
t
(
‖u(·, ǫ)‖2L∞(B(x,2t)) +
(
1 +
∣∣∣∣∣log tǫ
∣∣∣∣∣
)2
‖u‖2HMOL
)
.
Combining the estimates of I1, I2 and I3 leads to the required conclusion. 
Corollary 4.3. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2. If u ∈
HMOL (X × R+), then for any t, ǫ > 0, the Poisson extension Pt(u(·, ǫ)) is well defined.
Proof. By Proposition 3.5, the Poisson kernel satisfies
|pvt (x, y)| ≤ C
t
t + d(x, y)
1
µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(x)
)−N
.
By this, the Ho¨lder inequality and Proposition 4.2, we conclude
|Pt(u(·, s))(x)| ≤ C|Pt(1)(x)|1/2
(∫
X
t|u(y, s)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y)
)1/2
≤ C
(
‖u(·, s)‖L∞(B(x,2t)) +
(
1 +
∣∣∣∣∣log ts
∣∣∣∣∣
)
‖u‖HMOL
)
< ∞,
as desired. 
Proposition 4.4. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Assume 0 ≤ V ∈ RHq(X)∩ A∞(X) with q > max{1,Q/2}. Suppose that
w is a solution to Lw = Lw + Vw = 0 on X. If there exists n > 0 such that
(4.2)
∫
X
|w(y)|2
(1 + d(x, y))nµ(1 + d(x, y))
dµ(y) < ∞,
then w ≡ 0.
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Proof. Note that Proposition 2.12 implies w is locally bounded. If (4.2) holds for some x ∈ X,
then it holds for all z ∈ X that
∫
X
|w(y)|2
(1 + d(z, y))nµ(1 + d(z, y))
dµ(y)
≤
∫
X\B(z,2d(x,z))
|w(y)|2
(1 + d(z, y))nµ(1 + d(z, y))
dµ(y) +C‖w‖2
L2(B(z,2d(x,z)))
≤ C
∫
X\B(z,2d(x,z))
C|w(y)|2
(1 + d(x, y))nµ(1 + d(x, y))
dµ(y) +C‖w‖2
L2(B(z,2d(x,z)))
< ∞.
For any xB ∈ X, let B := B(xB, rB) with rB >> max{ρ(xB), 1}. Let ϕ be a Lipschitz function
on X, that satisfy ϕ = 1 on 4B, supp ϕ ⊂ 5B and |∇xϕ| ≤ C/rB. Note that w is locally Ho¨lder
continuous by Proposition 2.12. For any x ∈ B(xB, ρ(xB)), it follows from Lw = 0 that
w(x)ϕ(x) = −
∫ ∞
0
∂te
−tL (wϕ)(x)dt=
∫ ∞
0
L e−tL (wϕ)(x)dt
=
∫ ∞
0
∫
X
V(y)hvt (x, y)(wϕ)(y)dµ(y)dt +
∫ ∞
0
∫
X
〈∇yhvt (x, y),∇y(wϕ)(y)〉dµ(y)dt
=
∫ ∞
0
∫
X
V(y)hvt (x, y)(wϕ)(y)dµ(y)dt +
∫ ∞
0
∫
X
〈∇y(hvt (x, y)ϕ(y)),∇yw(y)〉dµ(y)dt
−
∫ ∞
0
∫
X
[
hvt (x, y)〈∇yϕ(y),∇yw(y)〉 − w(y)〈∇yhvt (x, y),∇yϕ(y)〉
]
dµ(y)dt
= −
∫ ∞
0
∫
X
[
hvt (x, y)〈∇yϕ(y),∇yw(y)〉 − w(y)〈∇yhvt (x, y),∇yϕ(y)〉
]
dµ(y)dt.
This implies
|w(x)ϕ(x)| ≤ C
rB
∫ ∞
0
∫
5B\4B
[
hvt (x, y)|∇yw(y)| + |w(y)||∇yhvt (x, y)|
]
dµ(y)dt.
Note the by applying Caccioppoli’s inequality (Lemma 2.8) to w on X,
(?
5B
|∇yw(y)|2dµ(y)
)1/2
≤ C
rB
(?
6B
|w(y)|2dµ(y)
)1/2
.
Similarly, by letting φ be a Lipschitz function on X, that satisfies φ = 1 on 5B\4B, supp φ ⊂ 6B\3B
and |∇yφ| ≤ CrB , we deduce∫
6B
|∇yhvt (x, y)|2φ2(y)dµ(y)
=
∫
6B
〈∇yhvt (x, y),∇y(hvt (x, y)φ2(y))〉dµ(y) −
∫
6B
hvt (x, y)〈∇yhvt (x, y),∇y(φ2(y))〉dµ(y)
= −
∫
6B
V(y)|hvt (x, y)|2φ2(y)dµ(y) −
∫
6B
〈∂thvt (x, y), hvt (x, y)φ2(y)〉dµ(y)
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−
∫
6B
hvt (x, y)〈∇yhvt (x, y),∇y(φ2(y))〉dµ(y)
≤
∫
6B
|∂thvt (x, y)|hvt (x, y)φ2(y)dµ(y) +
∫
6B
[
2|∇yφ(y)|2|hvt (x, y)|2 +
1
2
|∇yhvt (x, y)|2φ2(y)
]
dµ(y).
Consequently, it follows
∫
5B\4B
|∇yhvt (x, y)|2dµ(y) ≤ C
∫
6B\3B
|∂thvt (x, y)|hvt (x, y) + 1
r2
B
|hvt (x, y)|2
 dµ(y)
≤ C
∫
6B\3B
r2B|∂thvt (x, y)|2 + 1
r2
B
|hvt (x, y)|2
 dµ(y).
By the above two Caccioppoli’s inequalities together with the Ho¨lder inequality, we obtain for any
x ∈ B(xB, ρ(xB)),
|w(x)| ≤ C
rB
∫ ∞
0
∫
5B\4B
[
hvt (x, y))|∇yw(y)| + |w(y)||∇yhvt (x, y)|
]
dµ(y)dt
≤ C
rB
∫ ∞
0

(∫
5B\4B
|hvt (x, y)|2dµ(y)
)1/2 (∫
5B\4B
|∇yw(y)|2dµ(y)
)1/2
+
(∫
5B\4B
|∇yhvt (x, y)|2dµ(y)
)1/2 (∫
5B\4B
|w(y)|2dµ(y)
)1/2 dt
≤ C
rB
(∫
6B
|w(y)|2dµ(y)
)1/2 ∫ ∞
0

∫
6B\3B
 1
r2
B
|hvt (x, y)|2 + r2B|∂thvt (x, y)|2
 dµ(y)

1/2
dt.
Recall that rB >> max{ρ(xB), 1} and ρ(x) ∼ ρ(xB) for any x ∈ B(xB, ρ(xB)). By using Proposi-
tion 3.2, we conclude that for x ∈ B(xB, ρ(xB)),
∫ ∞
0

∫
6B\3B
1
r2
B
|hvt (x, y)|2dµ(y)

1/2
dt
≤ 1
rB
∫ ∞
0

∫
6B\3B
C
µ(B(y,
√
t))2
exp
{
−2d(x, y)
2
ct
}
exp
−2ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dµ(y)

1/2
dt
≤ 1
rB
∫ ∞
0

∫
6B\3B
C
µ(B(xB,
√
t))2
exp
{
−d(y, xB)
2
ct
}
exp
−2ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dµ(y)

1/2
dt
≤ C
rBµ(B)1/2
∫ ∞
0
exp
−
r2
B
ct
 exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dt
≤ C
rBµ(B)1/2
∫ ∞
0
 t
r2
B

n/4
exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dt
≤ C ρ(x)
n/2+2
r
n/2+1
B
µ(B)1/2
∫ ∞
0
sn/4 exp
{
−ǫ
(
1 +
√
s
)1/(k0+1)}
ds
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≤ C ρ(xB)
n/2+1
r
n/2
B
µ(B)1/2
.
Similarly, there holds that
∫ ∞
0
(∫
6B\3B
r2B|∂thvt (x, y)|2dµ(y)
)1/2
dt
≤
∫ ∞
0
rB
t

∫
6B\3B
C
µ(B(x,
√
t))2
exp
{
−2d(x, y)
2
ct
}
exp
−2ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dµ(y)

1/2
dt
≤
∫ ∞
0
CrB
tµ(B)1/2
exp
−
r2
B
ct
 exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dt
≤ C
rBµ(B)1/2
∫ ∞
0
exp
−
r2
B
ct
 exp
−ǫ
(
1 +
√
t
ρ(x)
)1/(k0+1) dt
≤ C ρ(xB)
n/2+1
r
n/2
B
µ(B)1/2
.
The two estimates yield that for any x ∈ B(xB, ρ(xB)),
|w(x)| ≤ C
rB
(∫
6B
|w(y)|2dµ(y)
)1/2
ρ(xB)
n/2+1
r
n/2
B
µ(B)1/2
≤ C ρ(xB)
n/2+1
rB
(∫
6B
|w(y)|2
(1 + d(xB, y))nµ(B(xB, 1 + d(xB, y))
dµ(y)
)1/2
≤ C ρ(xB)
n/2+1
rB
,
which tends to zero as rB → ∞. Therefore w ≡ 0 on B(xB, ρ(xB)). As xB is arbitrary, we see that
w ≡ 0. 
Corollary 4.5. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2. Suppose that
w is a solution to (−∂2t +L )w = 0 on X × R. If there exists n > 0 such that∫
R
∫
X
|w(y, t)|2
(1 + t + d(x, y))nµ(B(x, 1 + t + d(x, y)))
dµ(y)dt < ∞,
then w ≡ 0.
Proof. Note that −∂2t +L is a Schro¨dinger operator on X × R, and by letting V(x, t) := V(x), we
know that V ∈ RHq(X×R)∩A∞(X×R) with q > (Q+1)/2. Therefore, Proposition 4.4 applies. 
Proposition 4.6. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2, and u ∈
HMOL (X × R+). For any x ∈ X and s, t > 0, there holds that
u(x, t + s) = Pt(u(·, s))(x).
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Proof. For t > 0, let
v(x, t) := u(x, t + s) −Pt(u(·, s))(x).
As u(x, t + s) is Ho¨lder continuous on X × (−s,∞) and u(x, s) is Ho¨lder continuous on X, we see
that
v(x, 0) := lim
t→0+
v(x, t) = lim
t→0+
{u(x, t + s) −Pt(u(·, s))(x)} = 0.
We extend v(x, t) to X × R as
w(x, t) =

v(x, t), t > 0;
0, t = 0;
−v(x,−t), t < 0.
Then w is a solution to the Schro¨dinger equation (−∂2t +L )w = 0 on X ×R. By Corollary 4.5 and
the fact that w is odd with respect to t, it is enough to show that there exists n > 0 such that
∫
X
∫ ∞
0
|w(x, t)|2
(1 + t + d(x, y))nµ(B(x, 1 + t + d(x, y)))
dµ(x)dt < ∞.
Let n > 0 large enough to be fixed at the end of the proof. By Proposition 4.2, we have
∫
X
∫ ∞
0
|u(y, s + t)|2
(1 + t + d(x, y))nµ(B(x, 1 + t + d(x, y)))
dµ(y)dt
≤
∫ ∞
0
1
(1 + t)n−1
∫
X
|u(y, s + t)|2
(1 + d(x, y))µ(B(x, 1 + d(x, y)))
dµ(y)dt
≤ C
∫ ∞
0
1
(1 + t)n−1
(
‖u(·, s + t)‖2L∞(B(x,2)) +
(
1 +
∣∣∣log(s + t)∣∣∣)2‖u‖2HMOL
)
dt.
Apply Lemma 4.1 to obtain
‖u(·, s + t)‖L∞(B(x,2)) ≤ ‖u(·, s + t) − u(·, s)‖L∞(B(x,2)) + ‖u(·, s)‖L∞(B(x,2))
≤
∥∥∥∥∥∥
∫ s+t
s
|∂ru(·, r)|dr
∥∥∥∥∥∥
L∞(B(x,2))
+ ‖u(·, s)‖L∞(B(x,2))
≤ C‖u‖HMOL log
(
s + t
s
)
+ ‖u(·, s)‖L∞(B(x,2)).
Therefore one has∫
X
∫ ∞
0
|u(y, s + t)|2
(1 + d(x, y) + t)nµ(B(x, 1 + t + d(x, y)))
dµ(y)dt
≤
∫ ∞
0
C
((
log s+t
s
)2 ‖u‖2
HMOL
+ ‖u(·, s)‖2
L∞(B(x,2)) +
(
1 +
∣∣∣log(s + t)∣∣∣)2 ‖u‖2
HMOL
)
(1 + t)n−1
dt
≤ C(s, ‖u‖HMOL , ‖u(·, s)‖L∞(B(x,2))) < ∞.(4.3)
For the remaining term, note that by the estimate in Corollary 4.3, it holds for all t > 0,
|Pt(u(·, s))(x)| ≤ C|Pt(1)(x)|1/2
(∫
X
t|u(y, s)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y)
)1/2
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≤ C
(
‖u(·, s)‖L∞(B(x,2t)) +
(
1 +
∣∣∣∣∣log ts
∣∣∣∣∣
)
‖u‖HMOL
)
,
which implies for t ≤ 1,
|Pt(u(·, s))(x)| ≤ C
(
‖u(·, s)‖L∞(B(x,2)) +C
(
1 +
∣∣∣∣∣log ts
∣∣∣∣∣
)
‖u‖HMOL
)
,
and for t > 1,
|Pt(u(·, s))(x)| ≤ |Pt(1)(x)|1/2
(∫
X
t|u(y, s)|2
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ
)1/2
≤ C
(∫
X
t|u(y, s)|2
(1 + d(x, y))µ(B(x, 1 + d(x, y)))
dµ
)1/2
≤ C
√
t
(
‖u(·, s)‖L∞(B(x,2)) +C
(
1 +
∣∣∣log s∣∣∣) ‖u‖HMOL ) .
Therefore, it holds that
∫
X
∫ ∞
0
|Pt(u(·, s))(y)|2
(1 + t + d(x, y))nµ(B(x, 1 + t + d(x, y)))
dµ(y)dt
≤
∫ ∞
0
∫
X
C(1 + t)
(
‖u(·, s)‖2
L∞(B(x,2)) +
(
1 +
∣∣∣log s∣∣∣ + ∣∣∣log t∣∣∣)2 ‖u‖2
HMOL
)
(1 + t)n−1(1 + t + d(x, y))µ(B(x, 1 + t + d(x, y)))
dµ(y)dt
≤
∫ ∞
0
C
(1 + t)n−2
(
‖u(·, s)‖2L∞(B(x,2)) +C
(
1 +
∣∣∣log s∣∣∣ + ∣∣∣log t∣∣∣)2 ‖u‖2HMOL
)
dt
≤ C(s, ‖u‖HMOL , ‖u(·, s)‖L∞(B(x,2))) < ∞,
which together with (4.3) yields that
∫
X
∫ ∞
−∞
|w(y, t)|2
(1 + t + d(x, y))nµ(B(x, 1 + t + d(x, y)))
dµ(y)dt < ∞,
provided n > 3. Corollary 4.5 then implies w(x, t) ≡ 0, which means u(x, t + s) ≡ Pt(u(·, s))(x),
and thus completes the proof. 
We have following uniform norm estimate.
Lemma 4.7. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2, and u ∈
HMOL (X × R+). Then for any s > 0, it holds
sup
B
(∫ rB
0
?
B
|t
√
L Pt(u(·, s))|2dµ
dt
t
)1/2
≤ C‖u‖HMOL .
Proof. By Proposition 4.6, there holds that
(∫ rB
0
?
B
|t
√
L Ptus|2dµ
dt
t
)1/2
=
(∫ rB
0
?
B
|t∂tu(y, t + s)|2dµ(y)
dt
t
)1/2
,
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where and in what follows, we set us(·) = u(·, s). If rB > s, then(∫ rB
0
?
B
|t
√
L Ptus|2dµ
dt
t
)1/2
≤
(
µ(B(xB, rB + s))
µ(B(xB, rB))
∫ rB+s
0
?
B(xB,rB+s)
|t∂tu(y, t)|2dµ(y)
dt
t
)1/2
≤ C‖u‖HMOL .
Otherwise rB ≤ s, Lemma 4.1 implies that
(∫ rB
0
?
B
|t
√
L Ptus|2dµ
dt
t
)1/2
≤
(∫ rB
0
?
B
Ct2
(t + s)2
‖u‖2HMOL dµ
dt
t
)1/2
≤ C‖u‖HMOL ,
as required. 
We next establish an identity between u ∈ HMOL (X×R+) and f ∈ H1ρ(X) which can be written
as the sum of finite atoms. The proof is similar to that of [12, Proposition 5.1].
Lemma 4.8. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2, and u ∈
HMOL (X × R+). For f ∈ H1ρ(X) which can be written as the sum of finite atoms, it holds∫
X
f uǫdµ = 4
∫ ∞
0
∫
X
t
√
L Ptuǫ t
√
L Pt fdµ
dt
t
.
Proof. For f ∈ H1ρ(X) which can be written as the sum of finite atoms, f has compact support and
belongs to L2(X). Suppose that supp f ⊂ B := B(xB, rB).
Step 1. By Theorem 3.6, it holds
‖SP( f )‖L1 =
∫
X
(∫ ∞
0
?
B(x,t)
|t
√
L Pt( f )(z)|2dµ(z)
dt
t
)1/2
dµ(x) ≤ C‖ f ‖H1ρ .
By [31, Proposition 4.10] (see [35, 42]), we can write
t
√
L Pt( f )(x) =
∑
j
λ ja j(x, t),
where
∑
j |λ j| ∼ ‖SP( f )‖L1 , and for each j, there exists a ball B j ⊂ X such that, supp a j ⊂
B j × (0, rB j ), and ∫ rBj
0
∫
B j
|a j(x, t)|2
dµ(x)dt
t
≤ 1
µ(B j)
.
On the other hand, Lemma 4.7 gives
sup
B
(∫ rB
0
?
B
|t
√
L Pt(u(·, ǫ))|2dµ
dt
t
)1/2
≤ C‖u‖HMOL ,
and hence,∫ ∞
0
∫
X
∣∣∣∣t√L Pt(u(·, ǫ))(x)
∣∣∣∣
∣∣∣∣t√L Pt f (x)
∣∣∣∣ dµ(x)dt
t
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≤
∑
j
|λ j|
∫ rBj
0
∫
B j
∣∣∣∣t√L Pt(u(·, ǫ))(x)
∣∣∣∣ ∣∣∣a j(x, t)∣∣∣ dµ(x)dt
t
≤ C
∑
j
|λ j|

∫ rBj
0
∫
B j
|a j(x, t)|2
dµ(x)dt
t

1/2 
∫ rBj
0
∫
B j
|t
√
L Pt(u(·, ǫ))(x)|2
dµ(x)dt
t

1/2
≤ C‖ f ‖H1ρ‖u‖HMOL .(4.4)
Step 2. Let us verify the required identity,
∫
X
uǫ fdµ = 4
∫ ∞
0
∫
X
t
√
L Ptuǫ t
√
L Pt fdµ
dt
t
.
By (4.4), we see that
∫ ∞
0
∫
X
t
√
L Ptuǫ t
√
L Pt fdµ
dt
t
= lim
γ→0+,R→+∞
∫ R
γ
∫
X
t
√
L Ptuǫ t
√
L Pt fdµ
dt
t
= lim
γ→0+,R→+∞
∫ R
γ
∫
X
uǫ t
2
L P2t fdµ
dt
t
= lim
γ→0+,R→+∞
∫
X
uǫ
(∫ R
γ
t2L P2t f
dt
t
)
dµ
= lim
γ→0+,R→+∞
∫
4B
· · · dµ + lim
γ→0+
R→+∞
∫
(4B)∁
· · · dµ.
For the local part, as u is locally Ho¨lder continuous on X × R+, it holds u(·, ǫ) ∈ L2(4B).
Moreover, by the spectral theory, one has
f (x) = 4
∫ ∞
0
t2L P2t f (x)dµ
dt
t
= lim
γ→0+,R→+∞
4
∫ R
γ
t2L P2t f (x)dµ
dt
t
in L2(X). Therefore, it holds
lim
γ→0+,R→+∞
∫
4B
uǫ
(∫ R
γ
t2L P2t f (x)
dt
t
)
dµ =
1
4
∫
4B
uǫ fdµ.(4.5)
To compute the global part, we first estimate the inner integral. Recall that supp f ⊂ B =
B(xB, rB). It follows from Proposition 3.5 and Lemma 2.2 that for any t > 0 and x ∈ X \ 4B,
|t2L P2t f (x)| ≤ C
∫
B
t| f (y)|
(t + d(x, y)µ(B(x, t + d(x, y)))
(
1 +
t + d(x, y)
ρ(y)
)−N
dµ(y)
≤ C‖ f ‖L1(B)
t
(t + d(x, xB)µ(B(x, t + d(x, xB)))

ρ(xB)
(
1 + rB
ρ(xB)
)k0/(k0+1)
t + d(x, xB)

N
≤ C(xB, ρ(xB), rB)‖ f ‖L1(B)
t
(t + d(x, xB))N+1µ(B(xB, t + d(x, xB)))
,
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where N > 0 large enough. Hence there holds∫ ∞
0
|t2L P2t f (x)|
dt
t
≤
∫ ∞
0
C(xB, ρ(xB), rB)‖ f ‖L1(B)
(t + d(x, xB))N+1µ(B(xB, t + d(x, xB)))
dt
≤ C(xB, ρ(xB), rB)‖ f ‖L1(B)
d(x, xB)µ(B(xB, d(x, xB)))
.
By this estimate and Proposition 4.2, we then obtain
∫
X\4B
∫ R
γ
∣∣∣uǫ(x)t2L P2t f (x)∣∣∣ dt
t
dµ(x)
≤
∫
X\4B
C(xB, ρ(xB), rB)‖ f ‖L1(B)|u(x, ǫ)|
d(x, xB)µ(B(xB, d(x, xB)))
dµ(x)
≤ C(xB, ρ(xB), rB)‖ f ‖L1(B)
∫
X\4B
|u(x, ǫ)|
(rB + d(x, xB))µ(B(xB, rB + d(x, xB)))
dµ(x)
≤ C(xB, ρ(xB), rB)‖ f ‖L1(B)
(∫
X
|u(x, ǫ)|2
(rB + d(x, xB))µ(B(xB, rB + d(x, xB)))
dµ(x)
)1/2
≤ C(xB, ρ(xB), rB)‖ f ‖L1(B)
(
‖u(·, ǫ)‖L∞(B(x,2rB)) +
(
1 +
∣∣∣∣∣log rBǫ
∣∣∣∣∣
)
‖u‖HMOL
)
< ∞.
This together with (4.5) implies that
∫ ∞
0
∫
X
t
√
L Ptuǫ t
√
L Pt fdµ
dt
t
= lim
γ→0+,R→+∞
∫
X
uǫ
(∫ R
γ
t2L P2t f (x)
dt
t
)
dµ =
1
4
∫
4B
uǫ fdµ,
and completes the proof. 
Lemma 4.9. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (Q + 1)/2, and u ∈
HMOL (X × R+). Then for any s > 0, u(·, s) ∈ BMOL (X). Moreover, there exits C > 0 such that
for any s > 0 it holds
‖u(·, s)‖BMOL ≤ C‖u‖HMOL .
Proof. For any f ∈ H1ρ(X) which can be written as the sum of finite atoms, it follows from Lemma
4.8 that ∫
X
f (x)u(x, s)dµ(x) = 4
∫ ∞
0
∫
X
t
√
L Ptust
√
L Pt fdµ
dt
t
.
By (4.4), we have ∣∣∣∣∣
∫
X
f (x)u(x, s)dµ(x)
∣∣∣∣∣ ≤ C‖ f ‖H1ρ ‖u‖HMOL ,
where C is independent of s. It is obvious that the class of sum of finite atoms is dense in
H1ρ(X). We then conclude from the duality (H
1
ρ(X))
∗ = BMOL (X) (see Theorem 3.6) that u(·, s) ∈
BMOL (X) with ‖u(·, s)‖BMOL ≤ C‖u‖HMOL . 
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Proposition 4.10. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admit-
ting an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > (1 + Q)/2. Then if
u ∈ HMOL (X ×R+), there exists a function f ∈ BMOL (X) such that u(x, t) = Pt f (x). Moreover
there exists a constant C > 1 such that
‖ f ‖BMOL ≤ C‖u‖HMOL .
Proof. We deduce that from Lemma 4.9 that the family {uǫ (·)}0<ǫ<1 is uniformly bounded in
BMOL (X), which, together with the Banach-Alaoglu theorem, yields that there exist sequence
ǫk → 0 (k → ∞) and function f ∈ BMOL (X) such that uǫk → f weak-∗ in BMOL (X), and
‖ f ‖BMOL ≤ C‖u‖HMOL .
On the other hand, by Theorem 3.6 and Proposition 3.7, one has (H1
L
(X))∗ = BMOL (X) and
∂tp
v
t (· , y) ∈ H1L (X) = H1ρ(X), and therefore∫
X
∂tp
v
t (x, y)uǫk (y)dµ(y) →
∫
X
∂tp
v
t (x, y) f (y)dµ(y), k → ∞.
This together with Proposition 4.6 implies that ∂tu(x, t) = ∂tPt f (x), and therefore there exists
a function h(x) such that u(x, t) = Pt f (x) + h(x). Since u(x, t) and Pt f (x) are L+-harmonic
functions on X × R+, they are locally Ho¨lder continuous. Hence h is also L+-harmonic function
on X × R+. Since h is independent of t, h satisfies L u = 0 on X.
Let us show that h ≡ 0. We fix a t > 0. For each y ∈ X, by letting B = B(y, t) and using
Proposition 3.5, one has
|Pt f (y)| ≤ C
∫
X
t| f (x) − fB|
(t + d(x, y))µ(B(y, t + d(x, y)))
dµ(x) + | fB|
≤ C
∫
B
t| f (x) − fB|
tµ(B(y, t))
dµ(x) +C
∞∑
j=1
∫
2 jB\2 j−1B
t| f (x) − fB|
2 jtµ(B(y, 2 jt))
dµ(x) + | fB|
≤ C‖ f ‖BMOL +C
∞∑
j=1
2− j
(?
2 jB
(| f (x) − f2 jB| + | fB − f2 jB|) dµ(x)
)
+ | fB|
≤ C‖ f ‖BMOL +C
∞∑
j=1
2− j j‖ f ‖BMOL + | fB|
≤ C‖ f ‖BMOL + | fB|.(4.6)
If t ≥ ρ(y), then | fB| ≤ ‖ f ‖BMOL . Otherwise t < ρ(y), by Lemma 2.2, it holds for a fixed xB ∈ X
| fB| ≤ | fB − fB(y,ρ(y))| + | fB(y,ρ(y))| ≤ C
(
1 + log
ρ(y)
t
)
‖ f ‖BMOL
≤ C
(
1 + log
ρ(xB)
t
+
k0
k0 + 1
log
(
1 +
d(xB, y)
ρ(xB)
))
‖ f ‖BMOL
≤ C
(
1 + log
ρ(xB)
t
+
d(xB, y)
ρ(xB)
)
‖ f ‖BMOL .
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The above two estimates imply
∫
X
|Pt f (y)|2
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y) ≤ C
∫
X
(
1 +
∣∣∣∣log ρ(xB)t
∣∣∣∣2 + d(xB,y)2ρ(xB)2
)
‖ f ‖2
BMOL
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y)
≤ C(xB, ρ(xB), t)‖ f ‖2BMOL < ∞.
On the other hand, Proposition 4.2 shows
∫
X
|u(y, t)|2
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y) ≤ C
(
‖u(·, t)‖2L∞(B(x,2)) +
(
1 +
∣∣∣log t∣∣∣)2 ‖u‖2HMOL
)
.
We therefore can conclude via the equality h(x) = u(x, t) −Pt f (x) that
∫
X
|h(y)|2
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y)
≤ 2
∫
X
|u(y, t)|2
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y) + 2
∫
X
|Pt f (y)|2
(1 + d(x, y))3µ(B(x, 1 + d(x, y)))
dµ(y)
< ∞.
Finally Proposition 4.4 shows that h ≡ 0, and therefore u(x, t) = Pt f (x) with
‖ f ‖BMOL ≤ C‖u‖HMOL ,
which completes the proof. 
5 From BMO to HMO
In this section, we complete the proof of the main result by showing that every BMOL (X)
function f induces a Carleson measure |t∇Pt f |2dµ dtt .
The proof of that, the time derivative part |t∂tPt f |2dµ dtt is a Carleson measure, is similar to
[12, 16, 38]. We provide a proof for completeness.
Lemma 5.1. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Suppose 0 ≤ V ∈ RHq(X) ∩ A∞(X) with q > max{1,Q/2}, and
f ∈ BMOL (X). For any ball B = B(xB, rB), it holds∫ rB
0
∫
B
|t∂tPt f |2dµ
dt
t
≤ Cµ(B) ‖ f ‖2BMOL .
Proof. Note first that
∫ rB
0
∫
B
|t∂tPt(( f − f4B)14B)|2dµ
dt
t
≤
∫ ∞
0
∫
X
|t∂tPt(( f − f4B)14B)|2dµ
dt
t
≤ C‖ f − f4B‖2L2(4B)
≤ Cµ(B)‖ f ‖2BMOL .(5.1)
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Then, similar to the estimate (4.6), by using Proposition 3.5, we deduce that, for any x ∈ B,
|t∂tPt(( f − f4B)1X\4B)(x)| ≤
∫
X\4B
t| f (y) − f4B|
(t + d(x, y))µ(B(y, t + d(x, y)))
dµ(y) ≤ Ct
rB
‖ f ‖BMOL ,(5.2)
and therefore,
∫ rB
0
∫
B
|t∂tPt(( f − f4B)1X\4B)|2dµ
dt
t
≤
∫ rB
0
∫
B
t2
r2
B
‖ f ‖2BMOL dµ
dt
t
(5.3)
≤ Cµ(B)‖ f ‖2BMOL .
Finally, by Proposition 3.5, for any N > 0 it holds
|t∂te−t
√
L ( f4B)(x)| ≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
| f4B|,
where δ ∈ (0,min{1, 2 − Q/q}). If 4rB < ρ(xB), then
| f4B| ≤ | f4B − fB(xB,ρ(yB))| + | fB(xB,ρ(xB))| ≤ C
(
1 + log
ρ(xB)
rB
)
‖ f ‖BMOL ,
which, together with Lemma 2.2, implies
∫ rB
0
∫
B
|t∂tPt( f4B)(x)|2dµ(x)
dt
t
≤ C
∫ rB
0
∫
B
(
t
ρ(x)
)2δ (
1 + log
ρ(xB)
rB
)2
‖ f ‖2BMOL dµ(x)
dt
t
≤ Cµ(B)
(
rB
ρ(xB)
)2δ (
1 + log
ρ(xB)
rB
)2
‖ f ‖2BMOL
≤ Cµ(B)‖ f ‖2BMOL .(5.4)
If 4rB ≥ ρ(xB), then | f4B| ≤ ‖ f ‖BMOL . By Fubini’s theorem, we conclude that
∫ rB
0
∫
B
|t∂tPt( f4B)(x)|2dµ(x)
dt
t
≤ C
∫ rB
0
∫
B
(
t
ρ(x)
)2δ (
1 +
t
ρ(x)
)−2N
| f4B|2
dµ(x)dt
t
≤ C| f4B|2
∫
B
∫ ∞
0
(
t
ρ(x)
)2δ (
1 +
t
ρ(x)
)−2N
dt
t
dµ(x)
. ≤ C| f4B|2
∫
B
∫ ∞
0
s2δ
(1 + s)2N
ds
s
dµ(x)
≤ Cµ(B)‖ f ‖2BMOL ,(5.5)
as soon as we choose N > δ. A combination of the estimates (5.1), (5.3), (5.4) and (5.5) completes
the proof. 
We next estimate the space derivation part |t∇xPt( f )|2dµ dtt , which seems need more work due
to lack of pointwise bound for the space derivative of the Poisson kernel.
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Proposition 5.2. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality. Assume that 0 ≤ V ∈ RHq(X)∩ A∞(X) with q > max{1,Q/2}. Suppose
that g satisfies for some y ∈ X that
∫
X
|g(x)|
(1 + d(x, y))µ(B(y, 1 + d(x, y)))
dµ(x) < ∞.
Then for any ball B = B(xB, rB), it holds
∫ rB
0
∫
B
|t∇xPtg|2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Ptg||Ptg| + t
2
r2
B
|Ptg|2
 dµdt
t
.(5.6)
Moreover, for any constant c0 , 0, it holds
∫ rB
0
∫
B
|t∇xPtg|2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Ptg||Ptg − c0| + t
2
r2
B
|Ptg − c0|2
 dµdt
t
+C
∫ 2rB
0
∫
2B
t2|Ptg||Ptg − c0|V
dµdt
t
.(5.7)
Proof. We take a Lipschitz function ϕ on X with supp ϕ ⊂ 2B such that ϕ = 1 on B and |∇xϕ| ≤
C/rB, and for each ǫ ∈ (0, rB), take a C∞(R) function φǫ(t) such that supp φǫ ⊂ (ǫ, 2rB), φǫ(t) = 1
on (2ǫ, rB), |∂tφǫ (t)| ≤ C/ǫ for t ∈ (ǫ, 2ǫ), |∂tφǫ(t)| ≤ C/rB for t > rB.
Since g satisfies ∫
X
|g(x)|
(1 + d(x, y))µ(B(y, 1 + d(x, y)))
dµ(x) < ∞,
we know from Proposition 3.5 that Ptg, ∂tPtg, ∂
2
t Ptg, are locally bounded. Moreover, for any
compactly supported Lipschitz function ψ(x, t) on X × R+, it holds
∫ ∞
0
∫
X
|∇xPtg|2ψ2dµdt =
∫ ∞
0
∫
X
[
〈∇xPtg,∇x(Ptgψ2)〉 − 2
∫ ∞
0
∫
X
〈∇xPtg,∇xψ〉ψPtg
]
dµdt
≤
∫ ∞
0
∫
X
〈L Ptg,Ptgψ2〉dµdt −
∫ ∞
0
∫
X
〈VPtg,Ptgψ2〉dµdt
+
1
2
∫ ∞
0
∫
X
|∇xPtg|2ψ2dµdt + 2
∫ ∞
0
∫
X
|∇xψ|2|Ptg|2dµdt,
and hence,
∫ ∞
0
∫
X
|∇xPtg|2ψ2dµdt ≤ 2
∫ ∞
0
∫
X
〈∂2t Ptg,Ptgψ2〉dµdt + 4
∫ ∞
0
∫
X
|∇xψ|2|Ptg|2dµdt.
This implies that Ptg ∈ W1,2loc (X × R+).
Let c0 be a constant. As t(ϕφǫ)
2Ptg ∈ W1,2(X ×R+) with compact support in 2B × (ǫ, 2rB), we
have
∫ 2rB
0
∫
2B
|t∇xPtg|2(ϕφǫ)2dµ
dt
t
=
∫ 2rB
0
∫
2B
|t∇x(Ptg − c0)|2(ϕφǫ)2dµ
dt
t
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=
∫ 2rB
0
∫
2B
〈∇xPtg,∇x(t(ϕφǫ)2(Ptg − c0))〉dµdt
−
∫ 2rB
0
∫
2B
〈∇xPtg,∇xϕ〉2tϕφ2ǫ (Ptg − c0)dµdt.(5.8)
Since L = L + V , we have
∫ 2rB
0
∫
2B
〈∇xPtg,∇x(t(ϕφǫ )2(Ptg − c0))〉dµdt
=
∫ 2rB
0
∫
2B
〈LPtg, t(ϕφǫ)2(Ptg − c0)〉dµdt
=
∫ 2rB
0
∫
2B
〈∂2t Ptg, t(ϕφǫ)2(Ptg − c0)〉dµdt
−
∫ 2rB
0
∫
2B
V〈Ptg, t(ϕφǫ)2(Ptg − c0)〉dµdt.(5.9)
Case 1. Suppose first c0 , 0. Then a combination of (5.8) and (5.9) yields that
∫ 2rB
0
∫
2B
|t∇xPtg|2(ϕφǫ)2
dµdt
t
≤ C
∫ 2rB
0
∫
2B
(
|t2∂2t Ptg||Ptg − c0| + t2|Ptg||Ptg − c0|V
) dµdt
t
+
∫ 2rB
0
∫
2B
(
1
2
|t∇xPtg|2(ϕφǫ)2 + 2t2|∇xϕ|2φ2ǫ |Ptg − c0|2
)
dµdt
t
,
and hence, as |∇xϕ| ≤ C/rB,
∫ rB
2ǫ
∫
B
|t∇xPtg|2dµ
dt
t
≤
∫ 2rB
0
∫
2B
|t∇xPtg|2(ϕφǫ)2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
(
|t2∂2t Ptg||Ptg − c0| + t2|Ptg||Ptg − c0|V
) dµdt
t
+ C
∫ 2rB
0
∫
2B
 t2
r2
B
|Ptg − c0|2
 dµdt
t
.
The estimate (5.7) follows by letting ǫ → 0.
Case 2. Let c0 = 0. Note that as V ≥ 0,
∫ 2rB
0
∫
2B
〈∇xPtg,∇x(t(ϕφǫ )2Ptg)〉dµdt =
∫ 2rB
0
∫
2B
〈∂2t Ptg, t(ϕφǫ)2Ptg〉dµdt
−
∫ 2rB
0
∫
2B
t(Ptg)
2(ϕφǫ)
2Vdµdt
≤
∫ 2rB
0
∫
2B
〈∂2t Ptg, t(ϕφǫ)2Ptg〉dµdt.
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We therefore deduce from this and (5.8) that
∫ 2rB
0
∫
2B
|t∇xPtg|2(ϕφǫ)2dµ
dt
t
≤
∫ 2rB
0
∫
2B
〈∂2t Ptg, t(ϕφǫ)2Ptg〉dµdt
+
∫ 2rB
0
∫
2B
|∇xPtg|
Ct
rB
ϕφ2ǫ |Ptg|dµdt
≤ C
∫ 2rB
0
∫
2B
(
|t2∂2t Ptg||Ptg|
) dµdt
t
+
∫ 2rB
0
∫
2B
(
1
2
|t∇xPtg|2(ϕφǫ)2+2t2|∇xϕ|2φ2ǫ |Ptg|2
)
dµdt
t
.
Hence, one has∫ rB
2ǫ
∫
B
|t∇xPtg|2dµ
dt
t
≤
∫ 2rB
0
∫
2B
|t∇xPtg|2(ϕφǫ)2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Ptg||Ptg| + t
2
r2
B
φ2ǫ |Ptg|2
 dµdt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Ptg||Ptg| + t
2
r2
B
|Ptg|2
 dµdt
t
.
Letting ǫ → 0, we see the estimate (5.6) holds. 
We can now finish the proof of the last part of the main result.
Proposition 5.3. Let (X, d, µ,E ) be a complete Dirichlet metric space satisfying (D) and admitting
an L2-Poincare´ inequality (P2). Suppose that V ∈ RHq(X) ∩ A∞(X) with q > max{1,Q/2}. Then
if f ∈ BMOL (X), u(x, t) = Pt f (x) ∈ HMOL (X × R+). Moreover there exists a constant C > 1
such that
‖u‖HMOL ≤ C‖ f ‖BMOL .
Proof. By Lemma 5.1, we are left to estimate |t∇xPt( f )|2dµ dtt . We set f1 := ( f − f4B)14B, f2 :=
( f − f4B)1X\4B and f3 := f4B.
Step 1. For the term f1, it follows from the L
2-boundedness of the Riesz operator ∇xL −1/2 that∫ rB
0
∫
B
|t∇xPt( f1)|2dµ
dt
t
≤ C
∫ ∞
0
∫
X
|t
√
L Pt( f1)|2dµ
dt
t
≤ C‖ f1‖L2(X) ≤ Cµ(B) ‖ f ‖2BMOL .
Step 2. Let us estimate f2 in this step. By (3.5) from Proposition 3.5, similar to (4.6) and (5.2),
we conclude that for any x ∈ 2B and 0 < t < 2rB
|t2∂2t Pt( f2)(x)| ≤ C
∫
X\4B
t| f (y) − f4B|
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y) ≤ Ctr−1B ‖ f ‖BMOL ,
and similarly,
|Pt( f2)(x)| ≤ C
∫
X\4B
t| f (y) − f4B|
(t + d(x, y))µ(B(x, t + d(x, y)))
dµ(y) ≤ Ctr−1B ‖ f ‖BMOL .
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Either one of the above two estimates also show that f2 satisfies the requirement from Proposi-
tion 5.2. We then apply the above two estimates to conclude that
∫ rB
0
∫
B
|t∇xPt f2|2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Pt f2||Pt f2| + t
2
r2
B
|Pt f2|2
 dµdt
t
≤ C
∫ 2rB
0
∫
2B
 t2
r2
B
‖ f ‖2BMOL +
t3
r3
B
‖ f ‖2BMOL
 dµdt
t
≤ Cµ(B)‖ f ‖2BMOL .
Step 3. In this step, we deal with f3 at the case 4rB ≥ ρ(xB). By using (3.6), it holds for any
x ∈ 2B, 0 < t < 2rB and any N > 0 that
|t2∂2t Pt( f4B)(x)| ≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
| f4B| ≤ C
(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
‖ f ‖BMOL ,
where δ ∈ (0,min{1, 2 − Q/q}), and
|Pt( f4B)(x)| ≤ C| f4B| ≤ C‖ f ‖BMOL .
As 4rB ≥ ρ(xB), by using the estimate (5.6) from Proposition 5.2, we repeat the argument in the
proof of (5.5) to conclude that
∫ rB
0
∫
B
|t∇xPt f4B|2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Pt f4B||Pt f4B| + t
2
r2
B
|Pt f4B|2
 dµdt
t
≤ C
∫ 2rB
0
∫
2B

(
t
ρ(x)
)δ (
1 +
t
ρ(x)
)−N
‖ f ‖2BMOL +
t2
r2
B
‖ f ‖2BMOL
 dµ(x)dtt
≤ Cµ(B)‖ f ‖2BMOL .
Step 4. In the last step, we treat f3 for the case 4rB < ρ(xB).
Note that 4rB < ρ(xB), it holds ρ(x) ∼ ρ(xB) for any x ∈ 2B. By using (3.6) from Proposition
3.5, it holds for any x ∈ 2B, 0 < t < 2rB and N > 0 that
|t2∂2t Pt f4B(x)| ≤ C
(
t
ρ(xB)
)δ
| f4B| ≤ C
(
t
ρ(xB)
)δ (
| f4B − fB(xB,ρ(xB))| + | fB(xB,ρ(xB))|
)
≤ C
(
t
ρ(xB)
)δ (
1 + log
(
ρ(xB)
rB
))
‖ f ‖BMOL ,(5.10)
where δ ∈ (0,min{1, 2 − Q/q}), and
|Pt f4B(x)| ≤ C| f4B| ≤ C
(
1 + log
(
ρ(xB)
rB
))
‖ f ‖BMOL .(5.11)
Since e−t
√L1 ≡ 1 for all t, we have via Bochner’s subordination formula that
|Pt f4B(x) − f4B| = | f4B||e−t
√
L (1)(x) − e−t
√L(1)(x)|
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≤ | f4B|
2
√
π
∫
X
∫ ∞
0
t
s1/2
exp
{
− t
2
4s
}
|hvs(x, y) − hs(x, y)|
ds
s
dµ(y),
where hv, h are the kernels of e−tL and e−tL, respectively. By Proposition 3.4 and the fact that
δ ∈ (0,min{1, 2 − Q/q}), it holds for any x ∈ X,
|Pt f4B(x) − f4B| ≤ C| f4B|
∫
X
∫ ∞
0
t
s1/2
exp
{
− t
2
4s
} ( √
s√
s + ρ(x)
)2−Q/q exp {− d(x,y)2
cs
}
µ(B(x,
√
s))
ds
s
dµ(y)
≤ C| f4B|
∫ ∞
0
∫
X
t
s1/2
exp
{
− t
2
4s
} ( √
s√
s + ρ(x)
)δ exp {− d(x,y)2
cs
}
µ(B(x,
√
s))
dµ(y)
ds
s
≤ C| f4B|

∫ t2
0
t
s1/2
exp
{
− t
2
4s
} ( √
s
ρ(x)
)δ
ds
s
+
∫ ∞
t2
t
s1/2
exp
{
− t
2
4s
} ( √
s
ρ(x)
)δ
ds
s

≤ C| f4B|

∫ t2
0
t
s1/2
4s
t2
( √
s
ρ(s)
)δ
ds
s
+
∫ ∞
t2
t
s1/2
( √
s
ρ(x)
)δ
ds
s

≤ C| f4B|
(
t
ρ(x)
)δ
.
Above in the last inequality the integral over (t2,∞) is convergent since δ < 1. Noting that as
4rB < ρ(xB), ρ(x) ∼ ρ(xB) for any x ∈ 2B, we conclude that
|Pt f4B(x) − f4B| ≤ C
(
t
ρ(x)
)δ
| f4B| ≤ C
(
t
ρ(xB)
)δ (
1 + log
(
ρ(xB)
rB
))
‖ f ‖BMOL .(5.12)
Combining the estimates (5.10), (5.11), (5.12), together with the estimate (5.7) in Proposition 5.2,
we arrive at ∫ rB
0
∫
B
|t∇xPt f4B|2dµ
dt
t
≤ C
∫ 2rB
0
∫
2B
|t2∂2t Pt f4B||Pt f4B − f4B| + t
2
r2
B
|Pt f4B − f4B|2
 dµdt
t
+
∫ 2rB
0
∫
2B
t|Pt f4B||Pt f4B − f4B|Vdµdt
≤ C
∫ 2rB
0
∫
2B
(
t
ρ(xB)
)2δ (
1 + log
(
ρ(xB)
rB
))2
‖ f ‖2BMOL
dµdt
t
+C
∫ 2rB
0
∫
2B
t2
r2
B
(
t
ρ(xB)
)2δ (
1 + log
(
ρ(xB)
rB
))2
‖ f ‖2BMOL
dµdt
t
+C
∫ 2rB
0
∫
2B
t
(
t
ρ(xB)
)δ (
1 + log
(
ρ(xB)
rB
))2
‖ f ‖2BMOL Vdµdt
≤ C‖ f ‖2BMOL
(
1 + log
(
ρ(xB)
rB
))2 
(
rB
ρ(xB)
)2δ
µ(B) + r2B
(
rB
ρ(xB)
)δ ∫
B
Vdµ

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≤ C‖ f ‖2BMOL
(
1 + log
(
ρ(xB)
rB
))2 
(
rB
ρ(xB)
)2δ
µ(B) +
(
rB
ρ(xB)
)δ
µ(B)

≤ Cµ(B)‖ f ‖2BMOL
(
1 + log
(
ρ(xB)
rB
))2 (
rB
ρ(xB)
)δ
≤ Cµ(B)‖ f ‖2BMOL .
Above, in the last third inequality, we used the fact
∫
B
Vdµ ≤ Cµ(B)r−2
B
, as 4rB < ρ(xB).
Finally, we conclude from the four steps that,
(∫ rB
0
∫
B
|t∇xPt f |2dµ
dt
t
)1/2
≤
3∑
k=1
(∫ rB
0
∫
B
|t∇xPt fk|2dµ
dt
t
)1/2
≤ Cµ(B)1/2‖ f ‖BMOL ,
which together with Lemma 5.1 implies
‖Pt f ‖HMOL = sup
B(xB,rB)
(∫ rB
0
?
B
|t(∂t,∇x)Pt f |2dµ
dt
t
)1/2
≤ C‖ f ‖BMOL .
This completes the proof. 
We can now finish the proof of Theorem 1.1.
Proof of Theorem 1.1. Since V ∈ RHq(X) with q ≥ (Q + 1)/2, there exists ǫ > 0 such that V ∈
RHq+ǫ(X).
Part (i) follows from Proposition 4.10, while part (ii) follows from Proposition 5.3. 
Remark 5.4. One may wonder that if it is possible to relax the requirement q ≥ (Q+1)/2 to q > 1
together with q ≥ Q/2 in Theorem 1.1. For part (ii) of Theorem 1.1, this is ensured by Proposition
5.3. However, the requirement q ≥ (Q + 1)/2 seems essential in part (i). In fact, for a solution of
the Schro¨dinger equation L u − ∂2t u = 0 on X × R+, V ∈ RHq for q ≥ (Q + 1)/2 seems to be the
least condition for u to be continuous, and also for the Liouville property (Lemma 4.5).
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